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The consistency conditions for asymptotically safe quantum field theories require the existence
of scaling solutions for functions of fields. They extend the renormalizability conditions for a fi-
nite number of couplings in asymptotically free theories. We investigate the shape of the effective
potential for scalar fields at and near the ultraviolet fixed point of asymptotically safe quantum
gravity. We find constant scaling solutions with a completely flat potential and vanishing gauge and
Yukawa couplings. More general scaling potentials do not have a polynomial form. Often they are
characterized by a crossover between two constants for small and large fields. Nonvanishing gauge
couplings can induce spontaneous symmetry breaking due to a potential minimum at nonzero field
values. In contrast, Yukawa couplings to fermions tend to stabilize a minimum at zero field val-
ues. A nonminimal coupling between the scalar field and gravity is associated to a field-dependent
effective Planck mass. It can induce spontaneous symmetry breaking. In general, nonzero gauge,
Yukawa or nonminimal couplings prevent the scaling potential to be completely flat. We discuss
scaling solutions with a constant effective potential for large fields and a non-zero nonminimal scalar
coupling to gravity. They solve the cosmological constant problem asymptotically for the large field
values that are reached for large cosmic times. For the standard model coupled to asymptotically
safe quantum gravity the non-minimal Higgs-curvature coupling is bound to be small, ξ∞ . 10−4,
in contrast to large values ξ∞ > 1 often assumed for Higgs inflation. For the pure standard model
coupled to quantum gravity it seems unlikely that Higgs inflation is compatible with asymptotic
safety. We discuss small modifications of the asymptotic safety prediction for the ratio of top quark
and Higgs boson mass due to nonzero gauge, Yukawa and non-minimal couplings.
1. Introduction
Within asymptotically safe quantum gravity [1, 2] the
value of the Higgs boson mass has been predicted to be 126
GeV with a few GeV uncertainty [3]. This prediction relies
on two assumptions. The first is a positive and substantial
gravity-induced anomalous dimension A that renders the
quartic scalar coupling λH an irrelevant parameter. Then
λH is predicted to have a very small value at and near
the ultraviolet (UV) fixed point. The second assumes that
once the metric fluctuations decouple at momenta suffi-
ciently below the effective Planck mass the running of λH
is given by the standard model with at most small modifi-
cations. First indications for a positive A have been seen
in early investigations how matter couples to gravity in
asymptotic freedom [4]. Physical gauge fixing, or a gauge
invariant flow equation for a single metric [5], show a clear
graviton domination of A [6] and establish a positive A [6–
8], substantiating the prediction of the mass of the Higgs
boson.
The prediction of the Higgs boson mass concerns the
properties of the effective scalar potential at field values
much smaller than the effective Planck mass M . In con-
trast, models of Higgs inflation [9, 10] explore instead prop-
erties of the potential at field values somewhat below M ,
or even exceeding M . Usually only particle fluctuations
are included in the computation of the effective poten-
tial, while the contributions of metric fluctuations are ne-
glected. It has been argued [11] that asymptotically safe
quantum gravity may substantially influence the behavior
of the Higgs potential at large fields. In this paper we
aim for a more global view of the effective scalar potential,
ranging from small field values to large ones exceeding M .
A global view in field space is also necessary because
of a potential clash between Higgs inflation and the pre-
diction for the mass of the Higgs boson. The prediction
for the mass of the Higgs boson has been obtained under
the assumption of a minimal coupling of the Higgs boson
to gravity. A non-minimal coupling of the type ξh†hR
between the Higgs doublet h and the curvature scalar R
contributes to the flow of the quartic coupling
k∂kλ ≈ Aλ+Bξ k
4ξ2
M4
, (1)
with k the renormalization scale. The fixed point behavior
of quantum gravity, that is responsible for the prediction
of the mass of the Higgs boson, concerns a range where
k2 & M2, such that the effects of the metric fluctuations
are relevant. These metric fluctuations are the key for the
prediction, such that a modification of their contribution
by the presence of the non-minimal coupling ξ could lead to
an important quantitative change. In our approximation
we find
Bξ =
5v
12pi2(1− v)3 , (2)
with v = 2U/(M2k2) involving the value of the scalar
potential U (or cosmological constant). In the relevant
range of k one has for the standard model M2/k2 ≈ 0.01,
v ≈ −10, and A ≈ 0.05. Due to the effects of other cou-
plings the flow of the quartic coupling is slightly more com-
plicated than eqs. (1),(2). The detailed form of Bξ also de-
pends on details for the setup of the flow equations. Never-
theless, it is clear that a large value of ξ is not compatible
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2with a fixed point at a small value of λ. We will find that
for ξ0 larger than about 0.01 asymptotic safety still pre-
dicts the mass of the Higgs boson, but this prediction ends
outside the observed range.
For Higgs inflation a rather large non-minimal coupling
is usually assumed, say ξ∞ & 10. This is several orders of
magnitude larger than the value ξ0 allowed by the observed
mass of the Higgs boson. The non-minimal coupling ξ∞
for Higgs inflation concerns large values of the Higgs field,
while the vacuum mass of the Higgs boson concerns values
of h†h many orders of magnitude smaller than M2. Since
ξ may be a function of h†h, an overall view of a whole
coupling function is needed, similar to the need of an overall
view of the effective scalar potential. We will find that
ξ∞ is typically more than a factor ten smaller than ξ0,
exacerbating the clash.
For asymptotically safe quantum gravity the ultraviolet
fixed point needs scaling solutions both for the effective
potential and the coupling of scalar fields to the curvature
scalar. It is on these scaling solutions that we concentrate
in the present paper. For the scaling solutions found ξ
turns out to be rather small over the whole range of the
Higgs doublet field. These solutions are compatible with a
successful prediction of the mass of the Higgs boson. On
the other hand, for the pure standard model coupled to
gravity Higgs inflation with a large non-minimal coupling
ξ is not compatible with asymptotic safety. It remains to
be seen if Higgs inflation with small ξ is viable.
For cosmology, a global view on the effective poten-
tial for a scalar singlet field χ is also needed for models
of cosmon inflation [12–14] and dynamical dark energy as
quintessence [15]. In these models the scalar singlet plays
the role of the inflaton or the cosmon as a quintessence
field, or both simultaneously. It has been found [11]
that the effective potential for a singlet χ shows a rather
rich structure, due to a crossover between different fixed
points. While “gravity scale symmetry” associated to the
UV fixed point is responsible for the almost scale invari-
ant primordial fluctuation spectrum, an infrared (IR) fixed
point [6, 16] is reached for large values of χ. The “cos-
mic scale symmetry” associated to the IR fixed point is
spontaneously broken by any nonzero χ. The associated
pseudo-Goldstone boson (cosmon) has a very small mass
for large χ. It is responsible for dynamical dark energy
[15].
The present paper addresses this issue as well. The
parts concentrating on the fluctuations of a scalar singlet
and the metric, with all other particles treated as mass-
less (sects 3, 6) can be seen as a computation of the effec-
tive potential U(χ) for the scalar singlet χ. We reproduce
features found earlier in the context of dilaton quantum
gravity [11, 17, 18]. Our rather simple approach helps to
understand these features. It also puts the candidate scal-
ing solutions found earlier in a wider context of possible
scaling solutions.
Concerning the properties of the effective potential for
non-singlet scalar fields as the Higgs doublet, we do not dis-
tinguish here between Quantum-Einstein gravity [2], where
the Planck mass M¯ corresponds to a relevant parameter
and constitutes an intrinsic mass scale breaking quantum
scale symmetry explicitly, and dilaton quantum gravity
[17, 18], where the effective Planck mass depends mono-
tonically on χ, such that for a suitable normalization of
χ one has M = χ for large χ. In the latter case quantum
scale symmetry can be preserved, being only spontaneously
broken by χ 6= 0. Whenever we use M2, the reader may
substitute it by a function F (χ).
The renormalization flow describes the change of the ef-
fective scalar potential for increasing length scales, as more
and more fluctuation effects are included. It is character-
ized by different regimes. The “quantum gravity regime”
is associated to renormalization scales exceeding M . In
this regime the fluctuations of the metric play an impor-
tant role. The quantum gravity regime is associated to the
UV fixed point defining quantum gravity as a nonpertur-
batively renormalizable quantum field theory (asymptotic
safety). At the UV fixed point one has a scaling behavior
M2(k) = 2w∗k2 , (3)
with w∗ the fixed point value of the dimensionless coupling
w(k) = M2(k)/(2k2). (In case of additional scalar fields
χ we may replace w∗ by be a scaling function depending
also on χ2/k2.) In the quantum gravity regime the effec-
tive scalar potential takes a scaling form where the dimen-
sionless potential u = U/k4 only depends on dimensionless
field ratios as ρ˜ = ρ/k2, with ρ a typical quadratic invari-
ant formed from scalar fields. (For the Higgs doublet one
has ρ = h†h, with h the renormalized scalar doublet, while
for a scalar singlet χ we use ρ = χ2/2.) The main emphasis
of the present paper is the computation of the “scaling po-
tential” u∗(ρ˜). For this purpose we first treat w∗ as an un-
known parameter. Our computation needs therefore to be
supplemented by a computation of w∗. The latter depends
on the precise particle content of the model. In sect. 6 we
extend this to a fixed scaling function w∗(ρ˜) = w0 + ξ ρ˜/2,
with free parameters w0 and ξ. Finally, in sects 7 and 8
we extend the truncation to simultaneous solutions of flow
equations for both u(ρ˜) and w(ρ˜). This establishes a sys-
tem of combined scaling functions u∗(ρ˜) and w∗(ρ˜). This
stepwise procedure helps to organize the rather complex
issue in a way that important features can be treated sep-
arately.
A second “particle regime” concerns the flow for k M .
In this regime the metric fluctuations decouple effectively,
up to the flow of an overall constant in U , e.g. the cosmo-
logical constant. The flow equation for the field dependence
of U is governed by the effective particle theory for mo-
menta below the Planck mass. This flow can be computed
in perturbation theory. It obviously depends on the precise
particle content of the the effective low energy theory. The
flow in the particle regime may again be characterized by
an approximate fixed point, and the associated “particle
scale symmetry”. For the standard model as effective low
energy theory this fixed point is associated to the (almost)
second order character of the vacuum electroweak phase
transition. A similar fixed point may exist for grand uni-
fied theories (GUT). The present paper will not deal with
the flow in the particle regime which has to be added for
3k  M . The transition from the quantum gravity regime
to the particle regime is modeled by a simple behavior for
the k-dependent Planck mass,
M2(k) = M2 + 2w∗k2 , (4)
where M2 is associated to the observed Planck mass, either
a constant or given by a scalar field, M2 = χ2.
For extremely large field values ρ/k2 one finally reaches
the infrared regime. There graviton fluctuations may be-
come again important due to a potential instability in the
graviton propagator. A “graviton barrier” [6] prevents the
potential to rise for large field values stronger than the field
dependent squared Planck mass. We will not be concerned
very much with the infrared regime in the present investi-
gation.
The present paper concentrates on the quantum gravity
regime. We are mainly interested in general characteristics
of the scaling form of the effective potential, as the loca-
tion of the minimum ρ˜0 at ρ˜0 = 0 or at ρ˜0 6= 0, and the
general behavior as ρ˜ vanishes or increases beyond ρ˜0. We
put emphasis on the dependence on gauge couplings and
Yukawa couplings that we treat here as constants. This
covers two scenarios. Either the fixed point values of these
couplings may be at nonzero values. In this case the gauge
couplings and Yukawa couplings typically correspond to
irrelevant parameters that can be predicted by quantum
gravity [19]. Or the UV fixed point corresponds to zero
values of these couplings, which are relevant parameters.
The flow away from the fixed point is, however, very slow
in the vicinity of the fixed point. For their observed small
values the gauge and Yukawa couplings only increase rather
slowly with decreasing k. To a good approximation they
can be treated as constants in this regime. Our investi-
gation of scaling solutions for constant gauge and Yukawa
couplings describes then approximate scaling solutions in
the vicinity of the UV fixed point.
For vanishing gauge and Yukawa couplings there exists
a “constant scaling solution” for which u(ρ˜) and w(ρ˜) are
independent of ρ˜. This is the extended Reuter fixed point.
We are interested in the possible existence of other fixed
points, for which the scaling functions u(ρ˜) and w(ρ˜) are
independent of k, but show a non-trivial dependence an ρ˜.
This is typically induced by non-zero gauge and Yukawa
couplings, but it could also occur for vanishing gauge and
Yukawa couplings. We consider first the regime where non-
minimal couplings of the scalar field to gravity ∼ ξ ρR can
be neglected. (Here R is the curvature scalar and ξ the
non-minimal coupling.) In this case our main findings for
the global scaling form for a possible non-constant dimen-
sionless effective scalar potential u(ρ˜) are the following. For
zero gauge and Yukawa couplings the potential interpolates
between two constants,
u(ρ˜→ 0) = u0 , u(ρ˜→∞) = u∞ , u∞ > u0 . (5)
The minimum is situated at the origin ρ˜ = 0.
This behavior occurs also for nonzero Yukawa couplings
y and zero gauge couplings. In contrast, nonzero gauge
couplings g can induce a potential minimum at ρ˜0 6= 0.
The asymptotic behavior (5) remains valid. While for van-
ishing gauge and Yukawa couplings particular “constant
scaling solutions” exist, with ρ˜-independent u∗(ρ˜) = u0
or u∗(ρ˜) = u∞, this possibility is no longer given in our
truncation for nonzero gauge or Yukawa couplings.
For a non-vanishing non-minimal gravitational coupling,
ξ 6= 0, the asymptotic behavior of u for ρ˜→∞ can change.
We still find scaling solutions with a constant u∞. Al-
ternatively, for asymptotically large ρ˜ the “IR-behavior”
u(ρ˜ → ∞) = ξ ρ˜/2 is reached. The intermediate be-
havior can be rather complex. In particular, we find for
g = y = 0 that the scaling potential can develop a min-
imum at ρ˜0 6= 0. For ξ 6= 0 no constant scaling solution
exists.
For scaling solutions of the combined flow equations for
u(ρ˜) and w(ρ˜) we focus on a family of candidate scaling
solutions that depend on a continuous parameter ξ∞. For
these solutions one has the asymptotic behavior
w(ρ˜→∞) = 1
2
ξ∞ρ˜, u(ρ˜→∞) = u∞. (6)
For the particle content of the standard model the mini-
mum of the scaling potential occurs for ρ˜ = 0. As ξ∞ → 0
the constant scaling solution is approached smoothly. For
ξ∞ & 10−3 the existence of the solution becomes question-
able since the ρ˜-dependence of u/w becomes strong, with
a rather irregular behavior of ∂u/∂ρ˜ and ∂v/∂ρ˜ in an in-
termediate region. For the solutions with ξ∞ < 10−3 more
elaborate numerical solutions should establish if these so-
lutions exist for all ξ∞ in this range or not.
As a general feature, the scaling solutions for the effec-
tive scalar potential are not approximated by polynomials.
In this respect quantum gravity is rather different from per-
turbatively renormalizable quantum field theories as gauge
theories or Yukawa-type theories. For example, a crossover
between two constants as for eq. (5) can well happen with
a positive mass term m˜20 at the origin, but a negative quar-
tic coupling λ0. The negative quartic coupling does not
indicate any instability of the potential, but merely a de-
crease of m˜2(ρ˜) as ρ˜ increases. This is rather typical for a
crossover between constants for ρ˜ → 0 and ρ˜ → ∞. The
perturbative experience that a negative quartic coupling λ
indicates an instability or the presence of another potential
minimum for larger field values is misleading in the context
of quantum gravity.
The scaling potential u(ρ˜) is a function of the scale in-
variant variable ρ˜ = ρ/k2. In particular, a minimum at
ρ˜0 corresponds to a “sliding minimum” of the effective po-
tential U = uk4, at ρ0 = ρ˜0k
2. The question arises which
range of ρ˜ is relevant for observations. For a rough esti-
mate we make the simple ansatz that the scaling solution
is valid for k > kt, with transition scale kt determined by
2w(ρ˜) k2t = M
2 + ξρ and M the observed Planck mass. We
further assume that for k < kt the metric fluctuations de-
couple and the effective low energy theory becomes valid.
This approximation determines at kt the field ρ = ρ˜ k
2
t as
ρ
M2
=
ρ˜
2w0
. (7)
4A minimum of the scaling potential at ρ˜0 corresponds at kt
to ρ0 = M
2ρ˜0/(2w0). Typically, ρ0 continues to change in
the low energy effective theory. Nevertheless, for 2w0 ≈ 0.1
a characteristic field ρ˜ can be associated with field values
ρ ∼ 10ρ˜M2. A typical GUT scale ρ ∼ (1016 GeV)2 corre-
sponds to ρ˜ ≈ 10−5 or x = ln(ρ˜) ≈ −11.5. We often find
the location of a minimum at x around −2 which corre-
sponds to ρ around M2.
For GUT-models an important part of the spontaneous
symmetry breaking is due to scalar fields in representations
that do not allow for Yukawa couplings to the fermions. For
SU(5)-theories this could be the 24-representation, and for
SO(10)-theories the 45 or 54 representations. In the pres-
ence of quantum gravity and for a non-zero gauge coupling
we find that the candidate scaling solutions have a min-
imum at non-zero field values, indicating indeed sponta-
neous breaking of the grand unified gauge group. For the
investigated examples the scale of spontaneous symmetry
breaking is typically found close to the Planck mass. A
more systematic investigation will be needed in order to
see under which circumstances the GUT-scale can be sub-
stantially below the Planck mass.
The present paper is organized such that the effects of
different couplings are described separately. In sect. 2, we
present the flow equation for the effective scalar potential,
following closely [6, 7, 11]. The specific physical gauge fix-
ing, equivalent in our truncation to the gauge invariant
flow equation [5], makes the structure very apparent. The
general features are similar to earlier investigations [4, 20–
36]. In sect. 3 we concentrate on the scaling solution for
“matter freedom”, which describes a situation where gauge
and Yukawa couplings, as well as the non-minimal coupling
ξ, can be neglected. In this limit all particles are free ex-
cept for their gravitational interactions. We find candidate
scaling solutions characterized by a crossover from a fixed
point with constant u = u0 for ρ˜→ 0 to another one with
constant u = u∞ to ρ˜→∞. Improvement of the numerical
treatment would be needed in order to decide definitely if
this truncation admits scaling solutions different from the
constant scaling solutions. Sect. 4 addresses the flow in the
vicinity of the scaling solution for matter freedom, supple-
mented in appendix B by a discussion of the scalar mass
term and quartic coupling.
In sect. 5 we take a first step beyond matter freedom by
discussing non-vanishing gauge couplings, still keeping an
approximation with constant w∗. Typical scaling poten-
tials show a minimum near ρ˜ = 1. A similar discussion in
appendix C for non-vanishing Yukawa couplings shows that
in this case the minimum of the scaling potential occurs for
ρ˜ = 0. For scalars with both gauge and Yukawa couplings
the competition between the opposite tendencies for gauge
and Yukawa couplings will be important. In sect. 6 we
include a non-minimal coupling ξ of the scalar field to the
curvature tensor. This changes the behavior for ρ˜→∞.
In sects. 7 and 8 we extend the truncation by investi-
gating solutions to the combined flow equations for u(ρ˜)
and w(ρ˜). For the derivation of the flow equations we will
follow ref. [8]. In sect. 7 we discuss general features and
turn to the standard model coupled to quantum gravity in
sect. 8. There we discuss in particular the issue of Higgs
inflation and the prediction for the Higgs boson or the top
quark mass. Sect. 9 contains our conclusions.
2. Flow equation for effective potential
The present work is based on the flow equation for the
effective average action [37–41] for which the UV-cutoff in
earlier formulation [42, 43] is replaced by an infrared cutoff
and the focus is on the effective action. The simple one-
loop form of the exact flow equation permits for success-
ful non-pertubative approximations. Reviews on functional
renormalization are refs. [44–51], and for its applications
to quantum gravity see refs. [52–59].
Let us consider scalar fields φa, belonging to various rep-
resentations of some symmetry group, and investigate the
flow of the effective scalar potential U(φa). Our truncation
for the effective average action involves up to two deriva-
tives
L = √g
{
−F (φa)
2
R+ U (φa) +
∑
a
Za
2
DµφaDµφa + . . .
}
,
(8)
where the dots denote parts involving gauge fields and
fermions. The flow equation for U has contributions from
fluctuations of various fields,
∂tU = k∂kU = ζ = p˜igrav + p˜is + p˜igauge + p˜if . (9)
For a physical gauge fixing or the gauge invariant flow equa-
tion the gravitational contribution takes a rather simple
form
p˜igrav =
k4
24pi2
(
1− ηg
8
)( 5
1− v +
1
1− v/4
)
− k
4
8pi2
. (10)
The gravitational contribution depends on U and the coeffi-
cient F in front of the curvature scalar via the combination
v =
2U
Fk2
=
u
w
, (11)
with dimensionless functions u and w depending on the
scalar fields φa,
u =
U
k4
, w =
F
2k2
. (12)
We first approximate F by a field-independent running
squared Planck mass. At the UV-fixed point it scales ∼ k2,
with fixed dimensionless parameter w0,
F = M2p (k) = 2w0k
2 . (13)
The overall scale is set by k4, as appropriate for the dimen-
sion of U , and 1/(32pi2) is a typical loop factor from the
momentum integration. The first term in eq. (10) arises
from the fluctuations of the graviton (five components of
the traceless transversal tensor), the second from the phys-
ical scalar fluctuations. For a computation of the flow of
5U the effect of these fluctuations is evaluated in flat space.
The minus sign in the denominator (1 − v)−1 reflects the
negative mass-like term in the flat space graviton propa-
gator for a positive U , and similar for the physical scalar
mode. The third “measure contribution” accounts for the
gauge modes in the metric fluctuations and ghosts. It is
independent of the scalar fields. For the specific form of
the “threshold functions” appearing in eq. (10) we have
employed a Litim cutoff function [60].
We also neglect the mixing between the physical scalar
mode in the metric and the scalars φa, which only plays a
very small role for our investigation. Finally, the gravita-
tional anomalous dimension
ηg = −∂t ln(w) (14)
reflects the choice of the IR-cutoff function proportional to
F . At the UV-fixed point ηg vanishes if w is field indepen-
dent.
The contribution from scalar fluctuations p˜is reads [61]
p˜is =
k4
32pi2
∑
A
(
1− ηA
6
) (
1 + m˜2A
)−1
, (15)
where the sum runs over NS scalar fields. The index A
labels the eigenvalues M2A of the (renormalized) scalar mass
matrix
M2ab = (ZaZb)
− 12 ∂
2U
∂φa∂φb
, m˜2A =
M2A
k2
. (16)
Here Za are the scalar wave functions, given by the coeffi-
cient of the kinetic term for φa. The factor (1 + m˜
2
A)
−1 is
a threshold function that accounts for the suppression of
contributions of particles with mass terms larger than k2,
ensuring decoupling automatically. The anomalous dimen-
sion ηA = −∂t ln (ZA) reflects the choice of an IR-cutoff
function for the scalar proportional to ZA, with ZA con-
nected suitably to Za. (In the case of scalars in a single
representation one uses the same Z for the cutoff function
and the definition of all renormalized fields.) Through the
threshold function in the scalar contribution the flow equa-
tion for U involves field-derivatives of U .
The contributions from gauge bosons p˜igauge and the con-
tributions from fermions p˜if do not depend on the scalar
fields in the limit of zero gauge couplings or Yukawa cou-
plings, respectively. They will be specified later. The flow
of mass terms and quartic couplings obtains by differenti-
ating eq. (9) twice or four times with respect to φ.
The flow equation (9) holds for fixed values of φa. For
the investigation of the scaling solution relevant for a fixed
point one transforms this to a flow equation for u = U/k4
at fixed dimensionless renormalized fields,
φ˜a =
Z
1
2
a φa
k
, (17)
where
∂tu = −4u+
∑
a
(
1 +
ηa
2
)
φ˜a
∂u
∂φ˜a
+
ζ
k4
. (18)
Derivatives of u with respect to φ˜a define dimensionless
renormalized couplings. For the scaling solution charac-
terizing a fixed point the r.h.s. of eq. (18) has to vanish,
resulting in a system of differential equations for u.
3. Scaling solutions for matter freedom
We first discuss an approximation where w(ρ˜) is taken as
a constant w0. All matter interactions are neglected. This
approximation reveals some characteristic features of the
effects of gravitational fluctuations on the scalar effective
potential.
3.1. Flow equation for matter freedom
Let us first consider a situation where the values of gauge
couplings, Yukawa couplings, dimensionless scalar mass
terms, and quartic scalar couplings are sufficiently small
such that the contribution of these fluctuations only mat-
ters for the flow of the field-independent part of u. We call
this approximation “matter freedom” since the interactions
between matter components are neglected. Approximating
further ηg = 0, ηA = 0 one finds
ζ˜ =
ζ
k4
=
1
24pi2
(
5
1− v +
1
1− v/4
)
+ 4bU (19)
with constant
bU =
N − 4
128pi2
. (20)
The effective number of degrees of freedom is given by
N = NS + 2NV − 2NF , (21)
where NS denotes the number of real scalars, NV the num-
ber of gauge bosons (NV = 45 for SO(10), NV = 24 for
SU(5) and NV = 12 for the standard model) and NF the
number of Weyl fermions (NF = 48 for SO(10), NF = 45
for SU(5) and the standard model). For the standard
model one has NS = 4, with much larger numbers of scalars
for GUT models. For the standard model N = −62 is neg-
ative, while GUT models typically have positive N . In the
counting only particles with masses much smaller than k
are included and approximated by massless particles.
We concentrate on a particular N ′S-dimensional scalar
representation and a potential u(ρ˜) depending only on the
invariant
ρ˜ =
1
2
N ′S∑
a=1
φ˜2a . (22)
The other NS −N ′S scalar fields may be set to zero. Alter-
natively, one may take fixed values for the dimensionless
ratios as χ2/k2 . Our interest is the ρ˜-dependence of the
potential. Neglecting the anomalous dimension ηa the flow
equation for the potential reads
∂tu = βu = −4u+ 2ρ˜ ∂ρ˜u+ 4cU , (23)
60.2 0.4 0.6 0.8
v
0.02
0.04
0.06
0.08
0.10
0.12
w
FIG. 1. Relation between v and w for three values N = 12
(upper curve), N = 4 (middle curve) and N = −4 (lower curve).
with
cU =
1
96pi2
(
5
1− v +
1
1− v/4
)
+ bU . (24)
3.2. Constant scaling solutions
We are interested in the scaling solution at the UV-fixed
point for which ∂tu vanishes. For any given w(ρ˜) this scal-
ing solution for u(ρ˜) has to obey the nonlinear differential
equation
2ρ˜
∂u
∂ρ˜
= 4u− 1
24pi2
(
5
1− u/w +
1
1− u/4w
)
− 4bU . (25)
In general, w depends on ρ˜. We first consider the case
where the scaling form can be approximated by a constant
w = w0 and generalize this setting in sects. 6-8. For ρ˜→ 0
a simple scaling solution is a constant potential,
u∗(ρ˜→ 0) = u0 . (26)
If ∂u/∂ρ˜ remains finite for ρ˜→ 0 (or does not diverge too
strongly), the constant u0 obtains by setting the r.h.s. of
eq. (25) to zero. Simplifying by approximating (1−v/4)−1
by (1 − v)−1 yields a quadratic equation for v0 = u0/w0,
namely
(v0 + (N0 − 4) z) (1− v0) = 8z , z = 1
128pi2w0
, (27)
with N0 the effective particle number for ρ˜ = 0.
Fixed point solutions for v0 obey
v± =
1
2
{
1 + (N0 − 4) z ±
√
(1− (N0 − 4) z)2 − 32z
}
.
(28)
They exist provided z is in a range where the argument of
the square root is positive. For the special case N0 = −4
the argument of the square root is positive for all z. The
two solutions are v+ = 1 − 8z, v− = 0. For N0 < −4 the
argument of the square root is again always positive and
one finds v+ > 1− 8z, v− < 0. Restrictions on z can arise
for N0 > −4. In this case z has to be outside the interval
[z−, z+], given for N0 6= 4 by
z± =
N0 + 12± 4
√
2N0 + 8
(N0 − 4)2
. (29)
For N0 = 4 the condition reads z < 1/32. For N0 → 4 the
lower boundary z− approaches 1/32 while z+ diverges.
The precise relation between v0 and w0 or z according
to the solution of eq. (23) for ∂tu = 0, ρ˜ ∂ρ˜u = 0 is alge-
braically less simple, but qualitatively and quantitatively
similar [7]. We can infer it from Fig. 1 which plots the
relation between v and w in the form of a function w(v).
The latter follows from eq. (23),
w =
cU(v)
v
=
1
96pi2v
(
5
1− v +
1
1− v/4
)
+
bU
v
. (30)
Acceptable scaling solutions require v < 1, w > 0. For
N > −4 the function w(v) is positive for the interval 0 <
v < 1, diverging at both ends of the interval. This is the
only allowed range. There is a minimum of w(v) at vc, with
critical value wc = w(vc). For N > −4 scaling solutions
exist only for w > wc. For N < −4 one finds positive w for
negative v, with w(v → −∞)→ 0. A second solution with
positive w corresponds to a range of positive v sufficiently
close, but still smaller than the pole at v = 1.
For an appropriate range of w one finds two solutions
v+ and v−. They correspond to the two solutions v± of
the approximation (26), (27). For N > −4 this requires
w > wc, corresponding to the restriction on z given by
eq. (29). We conclude that acceptable scaling solutions
exist in our truncation for matter freedom, except for very
strong gravity (w0 < wc) for N > −4.
So far we have computed u0 and v0 as the limiting be-
havior of the scaling solution for ρ˜ → 0. For any given
allowed value of w0 or z there are two possible values v0
and therefore two possible solutions for u0. For w(ρ˜) = w0
independent of ρ eq. (25) actually admits a solution with
constant u(ρ˜) = u0 for all values of ρ˜. For this simple
solution the effective potential is completely flat
U(ρ) = u0k
4 . (31)
Solutions with ρ˜-independent u are called “constant scaling
solutions”. We will see in sect. 7 that one of these constant
scaling solutions corresponds to the extended Reuter fixed
point.
3.3. Crossover scaling solutions
Since eq. (25) is a first order differential equation
one may ask if there exist other scaling solutions with
∂u/∂ρ˜ 6= 0. For these solutions the boundary condi-
tions u(ρ˜ → 0) = u0 should be obeyed. A numerical
solution of eq. (25) indeed finds a family of scaling solu-
tions that interpolate between the constant values v±, as
shown in Figs 2, 3. For all values of w0 compatible with
the presence of two fixed points v+ and v−, the generic
scaling solution is a crossover from u(ρ˜ → 0) = v−w to
u(ρ˜ → ∞) = v+w. We show the numerical solutions of
7eq. (25) for different initial conditions (chosen arbitrarily
at ρ˜ = 1) in Fig. 2. The different curves can be obtained
by a shift in x = ln(ρ˜). The crossover trajectory between
the two fixed points is universal. The initial conditions
only specify at which ρ˜ a given value of u on the crossover
trajectory is reached. The possible shifts in x = ln(ρ˜) are
arbitrary. Limiting cases are the constant scaling solutions
u(ρ˜) = v−w or u(ρ˜) = v+w. For initial conditions with
u(ρ˜in) outside the interval [v−w, v+w] no scaling solution
exists. Local solutions of the differential equation do not
reach finite values for ρ˜ → 0 and ρ˜ → ∞. They typically
diverge at some finite ρ˜.
As w is lowered, the interval [v−, v+] shrinks. This
is reflected by a shrinking of the distance between the
boundary values u(ρ˜ → 0) and u(ρ˜ → ∞), as depicted
in Fig. 3. This shrinking continues until one reaches wc
where v−(wc) = v+(wc) = vc. For w = wc the unique
scaling solution is a constant u(ρ˜) = vcwc. For w < wc the
scaling solution ceases to exist.
3.4. Scalar anomalous dimension
The gravity-induced scalar anomalous dimension A plays
an important role for many aspects of the effective poten-
tial. We encounter it here first by an investigation of scal-
ing solutions in the vicinity of the constant scaling solution.
We will see later that it also governs the gravity induced
flow of the scalar mass term and quartic coupling. Let
us therefore investigate small deviations ∆u from the con-
stant scaling solution. For the crossover solutions shown
in Figs 2, 3 they describe the onset of the crossover region.
A linear approximation in ∆u will always become valid for
ρ˜ → 0 and ρ˜ → ∞. In the vicinity of a constant scaling
solution we expand
u(ρ˜) = u0 + ∆u(ρ˜) , (32)
where ∆u(ρ˜) obeys the linear differential equation
2ρ˜
∂∆u
∂ρ˜
= (4−A)∆u , (33)
with
A = 4
∂cU
∂u
=
4
w
∂cU
∂v
. (34)
From eq. (24) one infers
A =
1
96pi2w
(
20
(1− v)2 +
1
(1− v/4)2
)
. (35)
The gravity-induced anomalous dimension A is a key quan-
tity for the discussion of the gravitational effects on the
scalar potential. For all v and positive w one finds
A(v, w) ≥ 0. The first term in eq. (35) is generated by
the graviton fluctuations, while the second term originates
from the physical scalar fluctuations in the metric. For pos-
itive v the first term in eq. (35) dominates by more than a
factor of 20, justifying the “graviton approximation” which
keeps only the transversal traceless metric fluctuations [6].
We plot A as a function of v in Fig. 4. For this purpose
we use w(v) according to the constant scaling solution (30),
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FIG. 2. Scaling potential u as a function of x = ln(ρ˜). The
three curves correspond to different initial conditions, which
may be specified by u(x = 0). The parameters are N = 12 and
w = 0.06.
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FIG. 3. Scaling potential u as a function of x = ln(ρ˜) for differ-
ent values of w = 0.06, w = 0.05 and w = 0.045 (upper, middle
and lower curve for large x, respectively). We use N = 12.
as shown in Fig. 1. Inversion leads to two values A± for a
given w0, corresponding to the solutions v±. For N = −4
one finds values A < 4 for negative v, not shown in Fig. 4.
For v → −∞ one reaches A = 0 (for N ≤ −4). Generically,
A increases for decreasing N and fixed v, and for increasing
v for fixedN . Away from the constant scaling solutionA(ρ˜)
depends on the two functions w(ρ˜) and v(ρ˜) separately. For
the region of small ρ˜ we have to evaluate A(w, v) for ρ˜→ 0,
i.e. A0 = A(w0, v0).
What is apparent already for the simple case of a con-
stant scaling solution in Fig. 4 is that A is typically not a
very small quantity. Generally, A is positive and not very
small as compared to one. It can exceed the value one for
a suitable range of w and v.
In the appendix A we discuss the solution of eq. (33),
as well as the general form of candidate scaling solutions
for matter freedom. We find that for A0 6= 2 higher or-
der derivatives of the effective potential, as the quartic
scalar coupling, λ(ρ˜) = ∂2u/∂ρ˜2, diverge for ρ˜ → 0 for
80.0 0.2 0.4 0.6 0.8
v
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FIG. 4. Relation between A and v, for v being a fixed point
solution for an appropriate w as given by the relation (30). We
show three values of N = 12 (lower curve), N = 4 (middle
curve) and N = −4 (upper curve).
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FIG. 5. Dimensionless mass term m˜2 as a function of x = ln(ρ˜).
The plot is for w = 0.06, using the parameters of Fig. 2. For a
location of the crossover at larger x the height of the maximum
decreases.
the crossover scaling solution. The neglection of the scalar
masses in the scalar fluctuation contribution p˜is in eq. (15)
is no longer satisfied in the region ρ˜→ 0.
3.5. Scalar mass term
In the appendix B we discuss in detail the influence of
the scalar mass terms which is due to a more complete
treatment of p˜is. The scalar mass term is typically found to
be small for many of our solutions, including the following
sections. For the crossover solution of matter freedom we
show the scalar mass term m˜2(ρ˜) = ∂u/∂ρ˜ in Fig. 5. As
the location of the crossover, which may be associated to
the maximum of m˜2, moves to larger x the height of the
maximum decreases. Matter domination could therefore
provide for a rather accurate picture for the sub-family
of scaling solutions where the crossover happens at large
x = ln(ρ˜). Even for a crossover at somewhat negative x
we find m˜2  1, such that at first sight a neglection of the
mass term m˜2 in p˜is, and therefore the approximation of
matter freedom, seem justified for large regions in ρ˜.
An exception is the region around the origin at ρ˜ = 0.
Adding even a small mass term will dominate the small
deviations from the constant scaling solution. We present
in appendix B a detailed discussion of the influence of the
scalar mass term on the flow equation and scaling solutions
for the effective potential. For models of scalars coupled to
gravity we find that it matters in a region of very small ρ˜,
typically ρ˜ . NS/(64pi2). It cures the otherwise divergent
behavior of the quartic and higher order scalar couplings.
This will also become apparent in the next section.
In models of scalars coupled to gravity, with vanishing
gauge and Yukawa couplings, there still remain some unset-
tled issues in the transition region around ρ˜t = NS/(64pi
2).
Their resolution would require numerical solutions beyond
the simplified approaches employed in appendix B. We will
mainly be interested in the following in situations with non-
zero gauge couplings, Yukawa couplings or non-minimal
scalar-gravity couplings. All these couplings generate non-
zero mass terms and change the behavior for ρ˜ → 0, re-
moving potential singularities for ρ˜ → 0 even if the modi-
fications of p˜is due to m˜
2 6= 0 are omitted. In sects. 5–7 we
will neglect the modifications of p˜is by non-zero scalar mass
terms. We may consider this approximation as justified
whenever m˜2(ρ˜) < 0.1 for the whole range of ρ˜. In other
words, we approximate scalar fluctuation contributions as
arising from massless scalars. This procedure simplifies
the discussion of scaling solutions considerably, since the
right-hand side of eq. (25) and its generalizations depend
on ρ˜ and u(ρ˜), but no longer on derivatives of u(ρ˜) with
respect to ρ˜. For the numerically found solutions caution
is required, nevertheless. The numerical approach may be
blind to spiky behavior of u(ρ˜) in very small regions of ρ˜,
which could lead to larger values of m˜2 in these regions.
4. Flow in vicinity of scaling solution
We next turn to the flow with k at fixed ρ˜. This is an
alternative way to discuss properties of scaling solutions.
For a scaling solution the flow with k for constant ρ˜ has to
stop. This also holds for all particular couplings, that may
be defined by some ρ˜-derivatives of u at fixed ρ0. Examples
are the scalar mass term or quartic coupling at the origin,
m˜20 =
∂u
∂ρ˜
∣∣∣∣
ρ˜=0
, λ0 =
∂2u
∂ρ˜2
∣∣∣∣
ρ˜=0
. (36)
Within suitable approximations one may obtain a closed
system of flow equations for a finite number of couplings.
This may be solved without the need to solve a differential
equation for all values of ρ˜. One may then look for fixed
points in a system of flow equations for a finite number of
couplings.
Beyond the fixed point solution the flow with k also tells
if a fixed point is approached for decreasing k (irrelevant
couplings) or if the flow trajectories move away from the
fixed points (irrelevant couplings). We discuss this issue in
9the appendix B.3.
Defining m˜2(ρ˜) and λ(ρ˜) by the first and second ρ˜-
derivatives of u
m˜2(ρ˜) =
∂u
∂ρ˜
, λ(ρ˜) =
∂2u
∂ρ˜2
, (37)
we first derive the flow equations in the limit of matter free-
dom where the contributions of vector bosons, fermions,
and scalars can be approximated by a constant bU. They
follow from eq. (23) by first and second differentiation with
respect to ρ˜.
The flow of the mass term obeys
∂tm˜
2(ρ˜) = (A(ρ˜)− 2)m˜2(ρ˜) + 2ρ˜λ(ρ˜). (38)
We observe the appearance of the gravity-induced anoma-
lous dimension A(ρ˜) given by eq. (35) in terms of w0 and
v(ρ˜) = u(ρ˜)/w0. The appearance of A both for small devi-
ations from a given scaling solutions and for the flow with
k is no accident. Both problems concern small changes of
a given potential u(ρ˜). Taking a further ρ˜-derivative yields
∂tλ(ρ˜) = A(ρ˜)λ(ρ˜) + 2ρ˜
∂λ(ρ˜)
∂ρ˜
+
1
w
∂A
∂v
m˜4(ρ˜) . (39)
Here ∂A/∂v obtains from eq. (35), again evaluated for w =
w0 and v = v(ρ˜) = u(ρ˜)w0.
Consider first the limit where ρ˜ ∂λ/∂ρ˜ can be neglected.
In this case the fixed point of the flow occurs for
m˜2∗ = 0 , λ∗ = 0 . (40)
This is realized for the scaling solution for ρ˜→∞. Indeed,
for an asymptotic behavior of the scaling solution for ρ˜→
∞,
u∗(ρ˜) = u∞ + c∞ρ˜
4−A∞
2 , (41)
and A∞ > 4 one finds that
m˜2∗(ρ˜) = c∞
(
2− A∞
2
)
ρ˜1−
A∞
2 , (42)
and
λ∗(ρ˜) = c∞
(
2− A∞
2
)(
1− A∞
2
)
ρ˜−
A∞
2 . (43)
Both approach zero for ρ˜→∞. (In this section, and more
generally if needed, we denote by stars the scaling solutions
or fixed points.)
Linearizing the flow in the vicinity of the fixed point (40)
yields (in the approximation ∂λ/∂ρ˜ = 0)
∂tm˜
2 = (A− 2)m˜2 + 2ρ˜λ ,
∂tλ = Aλ . (44)
These flow equations hold strictly for ρ˜ → ∞. Replacing
m˜2 by ∆m˜2 = m˜2− m˜2∗(ρ˜), and λ by ∆λ = λ−λ∗(ρ˜), they
also hold for ∆m2 and ∆λ at finite large ρ˜ to a very good
approximation. The solution for ∆λ
∆λ = c˜λk
A (45)
drives ∆λ to its fixed point value ∆λ∗ = 0 as k is lowered.
Thus λ is an irrelevant coupling at the quantum gravity
fixed point. For a complete theory that can be continued
to arbitrary large k according to the quantum gravity fixed
point, one predicts λ(ρ˜) to be given by the scaling solution
λ∗(ρ˜). For ∆m˜2 one obtains the solution
∆m˜2 = c˜mk
A−2 + c˜λρ˜ kA . (46)
With A∞ > 4 also ∆m˜2 is irrelevant and m˜2(ρ˜) is predicted
to be the scaling solution m˜2∗(ρ˜). These properties hold for
the region of large ρ˜ for which A(ρ˜) exceeds 4.
The situation is more complicated for ρ˜ = 0. If ∂λ/∂ρ˜
remains finite or does not increase too rapidly for ρ˜ → 0,
one finds again a fixed point λ∗ = 0, m˜2∗ = 0, and solutions
in the vicinity of the fixed point
m˜20 = cmk
A−2 , λ0 = cλkA . (47)
Now A is given by A0 and therefore smaller than four.
Since A is positive, λ0 is an irrelevant parameter and pre-
dicted to be at its fixed point value λ∗ = 0. The mass
term is irrelevant for A > 2, predicted to be m˜2∗ = 0 in
this case. For A < 2 it is a relevant parameter. Its value
cannot be predicted since it involves the free constant cm.
We discuss in appendix B.2 under which circumstances the
scaling solution indeed leads to m˜2∗ = 0, λ∗ = 0 if gauge
and Yukawa couplings are neglected and w∗ is a constant.
In the approximation of matter freedom the solution (47)
only holds for the constant scaling solutions. In this case
matter freedom is a self-consistent approximation for the
scaling solution. For the crossover scaling solutions we find
in appendix A that the approximation of matter freedom
leads to a divergence of λ(ρ˜) for ρ˜→ 0 such that the fixed
point m˜2∗ = 0, λ∗ = 0 is not realized. This seems to contra-
dict the result (47). Taking into account in appendix B the
deviation of the scalar contributions p˜is from the matter-
freedom approximation yields for the flow of m˜20 an addi-
tional contribution,
∂tm˜
2
0 = (A0 − 2)m˜20 −
3λ0
32pi2(1 + m˜20)
2
. (48)
This allows for a fixed point with m˜20 6= 0, as characteristic
for the crossover scaling solutions, provided that λ0 6= 0.
Now the first eq. (47) holds for m˜20(k)− m˜20. Similar prop-
erties hold for λ0.
We observe a connection between the behavior of devia-
tions from the scaling solution and the asymptotic behavior
of the scaling solution itself for ρ˜ → 0 and ρ˜ → ∞. Both
are given by the same anomalous dimension A. The root
of this connection resides in the general form of the flow
equation for u at fixed ρ˜ that can be written in the form
(∂t − 2ρ˜ ∂ρ˜)u = −4 (u− cU) = β˜u . (49)
A similar form holds for ρ˜-derivatives, as m˜2(ρ˜) = ∂ρ˜u(ρ˜),
(∂t − 2ρ˜ ∂ρ˜) m˜2 = −2m˜2 + 4 ∂ρ˜cU = β˜m˜2 . (50)
For the scaling solution one has
2ρ˜ ∂ρ˜u = −β˜u . (51)
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On the other hand, if ρ˜ ∂ρ˜u can be neglected for ρ˜ → 0 or
ρ˜→∞, one finds for these limits
∂tu = β˜u . (52)
Both expressions (51) and (52) involve the same β-function
β˜u, but with opposite sign. Thus k
2 → 0 corresponds to
increasing ρ˜.
So far we have obtained a consistent picture for both
limiting regions ρ˜ → 0 and ρ˜ → ∞. The difficult issue
contains the matching of these regions in a transition region
around ρ˜s = 1/(64pi
2). We discuss this question in detail in
appendix B.5. So far the only established scaling solutions
are the constant scaling solutions. It may not be possible to
follow the crossover solutions through the transition region
in a regular way. A definite answer to the question if there
exist global crossover scaling solutions would need a more
sophisticated numerical approach than the one employed
in the present work.
5. Gauge couplings
The presence of non-vanishing gauge couplings or
Yukawa couplings leads to important qualitative changes
for the scaling solution as compared to matter freedom or
scalars coupled only to gravity. The reason is that for non-
vanishing gauge couplings constant scaling solutions with
u(ρ˜) independent of ρ˜ are no longer possible. Gauge or
Yukawa couplings necessarily induce non-zero scalar mass
terms ∂u/∂ρ˜ for all ρ˜ 6= 0. We will consider here the case
of constant couplings. This refers either to a fixed point
with non-zero gauge or Yukawa couplings, or to an ap-
proximation for a situation with slow enough flow of these
couplings. We concentrate first on vanishing Yukawa cou-
plings. This is directly relevant for the issue of spontaneous
symmetry breaking in GUT-models, where some of the rel-
evant scalar fields are in representations that do not allow
for Yukawa couplings to the fermions of the known three
generations.
5.1. Flow equations
In this section we investigate the impact of non-vanishing
gauge couplings on the flow of the scalar effective poten-
tial. For nonzero values of scalar fields coupling to gauge
bosons with a gauge coupling g the gauge bosons acquire a
mass through the Higgs mechanism. This mass suppresses
the contribution of gauge bosons to the flow of the scalar
potential. As a result, for non-vanishing gauge couplings
the flow generator ζ¯ in eq. (9) receives an additional con-
tribution ∆p˜igauge, given by
∆p˜igauge
k4
=
3
32pi2
NV∑
i=1
(
1
1 + wi
− 1
)
. (53)
Here the sum is over all gauge bosons and wi = m
2
i /k
2
are the dimensionless squared gauge boson masses for the
corresponding values of the scalar field
wi =
m2i
k2
= g2ai (φa) /k
2 . (54)
Typically, ai(φa) is a quadratic form in the scalar fields
φa. The factor (1 + wi)
−1 is a threshold function that
suppresses the contribution from massive gauge bosons as
compared to massless ones.
In order to keep the discussion of the structure of these
modifications simple we consider a toy flow equation where
the squared mass of N¯V gauge bosons is cg g
2ρ, while the
other gauge bosons remain massless for the particular con-
figuration of scalar fields that is used to define ρ. From
the difference of the fluctuation contribution from massless
and massive fields one obtains the modification of p˜igauge,
∆p˜igauge
k4
= − 3cgN¯V g
2ρ˜
32pi2 (1 + cgg2ρ˜)
. (55)
It vanishes for ρ˜ = 0. The contribution to the flow of the
scalar mass term at the origin ρ˜ = 0 reads
∂tm˜
2 = −3cgN¯V g
2
32pi2
+ . . . , (56)
while the contribution to the quartic coupling at ρ˜ = 0,
λ = ∂2U˜/∂ρ˜2|ρ˜=0, becomes
∂tλ =
3c2gN¯V g
4
16pi2
+ . . . (57)
Eq. (57) corresponds to the standard perturbative term
∼ g4 in the flow equation for quartic scalar couplings.
5.2. Spontaneous symmetry breaking
Due to the negative sign in eq. (55) a nonvanishing gauge
coupling lowers the scaling solution for the effective poten-
tial for large ρ˜ as compared to ρ˜ = 0. Indeed, the dif-
ferential equation (25) for the scaling solution receives an
additional positive contribution
2ρ˜
∂u
∂ρ˜
= 4 (u− cU)− ∆p˜igauge
k4
, (58)
enhancing the increase of u with ρ˜. Initial conditions near
ρ˜ = 0 that would lead to a decrease of u with increasing
ρ˜ may be turned to an increase with ρ˜ for larger ρ˜. As
a result, the effective potential can develop a minimum
for ρ˜ 6= 0. This is clearly seen for a numerical solution
of eq. (58) in Fig. 6, shown in more detail in Fig. 7. We
employ N = 10, N¯V = 3, cg = 1, α = g
2/4pi = 1/40 and
set the initial condition by u(ln(ρ˜) = 1) = 0.02. The three
values of w0 = 0.06, 0.05, 0.042 used in Figs 6, 7 correspond
to A0 = A(ρ˜ = 0) = 0.68, 1.0, 1.64, and therefore all have
A0 < 2.
The minimum of u(ρ˜) at ρ˜0 6= 0 indicates spontaneous
symmetry breaking already for the scaling solution. In
this case the flow below the Planck mass away from the
fixed point is not needed in order to induce spontaneous
symmetry breaking. In most circumstances it will only
have a sizable effect on small values of ρ, with U(ρ) for large
ρ frozen at the value it has reached for k ≈ M , or more
precisely k ≈ kt. The minimum of the scaling potential
will not be erased in this way. For our set of parameters it
corresponds to ρ ≈ ρ˜M2/(2w0) according to eq. (7). With
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FIG. 6. Effective potential u(x) as function of x = ln(ρ˜) for
three values of w0. The highest curve on the right (green) is
for w0 = 0.06, the middle curve (orange) for w0 = 0.05 and
the lowest curve (blue) for w0 = 0.042. Initial values are set
by U(x = 1) = 0.02. Parameters are N = 10, N¯V = 3, α =
g2/4pi = 1/40.
ρ˜ near one in Fig. 5, one obtains for the parameters chosen
a potential with a minimum at ρ0 somewhat larger than
M2.
For realistic GUT-models the numbers NV and N¯V are
typically larger than the ones considered here. Also the in-
fluence of non-minimal couplings becomes important, see
sect. 7.6. We will not discuss in this paper the interesting
question under which circumstances values of ρ0 substan-
tially smaller than M2 are reached. We rather concentrate
on general features of the scaling potential.
For a more detailed understanding we first consider the
region of small ρ˜. The flow equation for the mass term at
the origin, m˜20 = m˜
2(ρ˜ = 0) reads, with λ0 = λ(ρ˜ = 0),
∂tm˜
2
0 = (A0 − 2) m˜20 −
3λ0
32pi2 (1 + m˜20)
− 3cgN¯V g
2
32pi2
. (59)
The fixed point occurs for (A0 6= 2)
m˜20,∗ =
3
32pi2 (A0 − 2)
(
cgN¯V g
2 +
λ0(
1 + m˜20,∗
)2
)
. (60)
For small λ0,∗ and A0 < 2 the mass term is negative,
m˜20,∗ = −
3cgN¯V g
2
32pi2 (2−A0) , (61)
such that the origin at ρ˜ = 0 is a local maximum of the
effective potential. This is seen for the curves in Figs 6, 7
which indeed have all A0 < 2. We show in Fig. 8 the mass
term m˜2(ρ˜) for the scaling solutions for the three sets of
parameters used in Figs 6, 7. For ρ˜ → 0 the result for
m˜2(ρ˜→ 0) comes indeed very close to the value (61).
For A0 > 2 a negative value of m˜
2
0,∗ remains possible if
λ0,∗ < 0. Indeed, the potential may have at the origin a
local minimum or a maximum, depending on the relative
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FIG. 7. Minimum of effective potential u(x). Parameters are
the same as for Fig. 6. The lowest green curve is for w0 = 0.06,
the middle orange curve for w0 = 0.05 and the highest blue
curve for w0 = 0.042.
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FIG. 8. Mass term m˜2(x) as function of x = ln(ρ˜) for w0 = 0.06
(upper green curve), w0 = 0.05 (middle orange curve), and
w0 = 0.042 (lower blue curve). Parameters are the same as for
Fig. 6.
size of the two terms on the r.h.s. of eq. (60). The fixed
point value for λ0,∗ is negative, given for a single scalar by
λ0,∗ = − 1
A0
(
3c2gN¯V g
4
16pi2
+
9λ0,∗
16pi2(1 + m˜20,∗)3
− 5u
(3)
0,∗
32pi2(1 + m˜20,∗)2
+
1
w0
∂A
∂v
m˜20,∗
)
. (62)
The size of a negative λ0,∗ and its influence is increased as
m˜20,∗ comes close to −1. We show in Fig. 9 the numerical
scaling solutions for the effective potential with parameters
N = 20, N¯V = 3, cg = 1, w0 = 0.05 and α = 1/40. For
these parameters one has A0 = 2.91, and therefore A0 >
2. The mass term is an irrelevant coupling in this case.
Depending on the initial conditions we found solutions with
a minimum at the origin or a minimum at ρ˜0 6= 0.
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FIG. 9. Effective potential u(x) as function of x = ln(ρ˜).
Parameters are N = 20, N¯V = 3, cg = 1, w0 = 0.05,
α = g2/4pi = 1/40. The initial conditions for the four curves
from up to down are u(x = 0) = 0.037923, u(x = 0) = 0.0335,
u(x = 0) = 0.25 and u(x = 0) = 0.24447. The inital values for
the upper and lower curves limit the interval for which a scaling
solution is found. For these solutions one has A0 = 2.91.
5.3. Asymptotic behavior
Consider next the limit ρ˜→∞. In this limit the correc-
tion (55) approaches a constant
lim
ρ˜→∞
(
∆p˜igauge
k4
)
= −3N¯V
32pi2
. (63)
This simply reflects that in the range of large ρ˜ only a
reduced number of gauge bosons contributes to the number
of “active degrees of freedom” N in eqs (20), (21). The
gauge boson contribution to the running of m˜2(ρ˜) and λ(ρ˜)
is suppressed for large ρ˜ by threshold functions
∂tm˜
2(ρ˜) = − 3cgN¯V g
2
32pi2 (1 + cgg2ρ˜)
2 + . . . ,
∂tλ(ρ˜) =
3c2gN¯V g
4
16pi2 (1 + cgg2ρ˜)
3 + . . . (64)
that account for the decoupling of heavy degrees of free-
dom. As a consequence, the scaling solution for the effec-
tive potential reaches for ρ˜ → ∞ again a constant value,
but with a different number of degrees of freedom N∞.
Denoting by N0 the number of light degrees of freedom for
ρ˜→ 0, and N∞ the corresponding one for ρ˜→∞, one has
N∞ = N0 − 3N¯V . (65)
In contrast, the constant value u0 = u(ρ˜ → 0) is only
indirectly influenced by g2 6= 0 due to nonzero m˜20.
We can formulate this issue more generally. Applying
the defining differential equation (25) for the scaling form
of the potential to a situation where u(ρ˜) is approximated
by a constant both for ρ˜→ 0 and for ρ˜→∞ we obtain for
u0 and u∞ = u(ρ˜→∞)
u0 =
1
96pi2
C0 , u∞ =
1
96pi2
C∞ , (66)
with
C0 =
5
1− v0 +
1
1− v0/4 +
3 (N0 − 4)
4
,
C∞ =
5
1− v∞ +
1
1− v∞/4 +
3 (N∞ − 4)
4
. (67)
Here v0 = u0/w0, v∞ = u∞/w∞ with w0 and w∞ the
dimensionless coefficients of the curvature scalar for ρ˜→ 0
and ρ˜ → ∞, respectively. Similarly, N0 and N∞ denote
the number of effective matter degrees of freedom in the
two limits. The potential difference
∆u∞ = u∞ − u0 = 1
96pi2
(C∞ − C0) (68)
is positive if C∞ is larger than C0. If the scalar field repre-
sented by ρ˜ does not couple to fermions one has N∞ < N0
if some of the bosons decouple effectively for ρ˜→∞, as in
the case of gauge bosons discussed above. If also v∞ < v0
one concludes u∞ < u0. In this case one typically encoun-
ters a minimum of the effective potential for ρ˜ → ∞. In
contrast, for v∞ > v0 one may find u0 < u∞. This is the
case for the examples shown in Figs 6 – 9. The minimum
of u(ρ˜) occurs now for ρ˜ = 0 or for finite ρ˜. For both cases
the potential is flat for ρ˜→∞.
5.4. Crossover region
For g 6= 0 constant scaling solutions are no longer pos-
sible. Every scaling solution has to make a crossover from
u0 for ρ˜ → 0 to u∞ for ρ˜ → ∞. The gauge coupling also
changes the dynamics in the transition region as compared
to scalars which have only gravitational interactions. In
Figs. 6–9 no apparent problem is visible in the transition
region and it seems that a whole family of scaling solutions
exists. We also observe that for all parameters and initial
conditions investigated here the scalar mass term remains
much smaller than one.
For a more quantitative understanding of the flow of the
potential we may neglect the effect of the scalar mass term
and quartic coupling in the contribution from the scalar
fluctuations, e.g. setting ∆p˜is = 0. This approximation is
always valid for large ρ˜. In the presence of gauge couplings
the validity may in certain cases extend to the whole range
of ρ˜. In this approximation one finds for m˜2(ρ˜) = ∂u/∂ρ˜
in case of a single gauge field, N¯V = 1, cg = 1,
∂tm˜
2(ρ˜) = (A− 2)m˜2(ρ˜) + 2ρ˜ ∂m˜
2
∂ρ˜
− 3g
2
32pi2
(
1 + g2ρ˜
)−2
,
(69)
where
∂m˜2
∂ρ˜
= λ(ρ˜) . (70)
The scaling solution is defined by ∂tm˜
2(ρ˜) = 0 and there-
fore obeys the differential equation
2ρ˜
∂m˜2
∂ρ˜
= (2−A)m˜2 + 3g
2
32pi2
(
1 + g2ρ˜
)−2
. (71)
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The solution for small ρ˜ → 0 is given by eq. (60). For
a given λ0,∗ this boundary condition fixes the integration
constant of the general solution of eq. (71). On the other
hand, fixing the integration constant by an initial value
m˜20,∗ at ρ˜ = 0, the fixed point value λ0,∗ follows from the
solution of eq. (71).
For ρ˜→∞ the scaling solution for the potential becomes
flat, namely
m˜2(ρ˜→∞) = 0 , (72)
implying also
λ(ρ˜→∞) = ∂m˜
2
∂ρ˜
(ρ˜→∞) = 0 . (73)
For finite large ρ˜ we can approximate eq. (71) by
∂m˜2
∂ρ
=
3g2
16 (6−A∞)pi2ρ˜ (1 + g2ρ˜)2
≈ 3
16 (6−A∞)pi2g2ρ˜3 . (74)
Here, we employ m˜2 ∼ ρ˜−2 ∼ − (ρ˜ ∂ρ˜m˜2) /2. The asymp-
totic scaling solution for ρ˜→∞ is
m˜2 =
3
32 (A∞ − 6)pi2g2ρ˜2 . (75)
One typically has A∞ > 6, m˜2 > 0, such that u∞ is ap-
proached from below.
The differential equations for the scaling solution for the
potential (58) or for a scalar mass term (71) do not show
any problematic region. It seems likely that many initial
conditions chosen at some intermediate ρ˜ can be continued
both to ρ˜ → 0 and ρ˜ → ∞, establishing corresponding
crossover scaling solutions.
5.5. Gravitational Coleman-Weinberg mechanism
For the quartic coupling the flow equation reads
∂tλ = Aλ+Bm˜
4 + 2ρ˜
∂λ
∂ρ˜
+
3g4
16pi2
(
1 + g2ρ˜
)−3
, (76)
with
B =
∂A
∂u
=
5
12pi2w2
(
1
(1− v)3 +
1
8
1
(1− v/4)3
)
. (77)
The scaling solution for λ(ρ˜) therefore obeys
2ρ˜
∂λ
∂ρ˜
= −Aλ−Bm˜4 − 3g
4
16pi2
(
1 + g2ρ˜
)−3
. (78)
We can interpret the running of the quartic coupling with
ρ˜ as a type of gravitational Coleman-Weinberg mechanism.
Starting from ρ˜ → ∞ with λ(ρ˜ → ∞) = 0 and lowering
ρ˜, the quartic coupling first gets negative. Indeed, with
λ ∼ ρ˜−3 , m˜−4 ∼ ρ˜−4 we can neglect the term Bm˜4 for
large ρ˜ and employ λ = −(ρ˜ ∂ρ˜ λ)/3, such that
λ = − 3
16 (A∞ − 6)pi2g2ρ˜3 . (79)
This coincides with the ρ˜-derivative of eq. (75), as it should
be. As ρ˜ decreases, λ(ρ˜) first gets more and more negative,
such that m˜2 increases to larger positive values. As A(ρ˜)
decreases for decreasing ρ˜, the influence of the first pos-
itive term −Aλ in eq. (78) becomes less important and
λ(ρ˜) starts to increase due to the other negative terms.
Once λ becomes positive, m˜2(ρ˜) starts to decrease until
it reaches zero at some local minimum of the potential.
For a rough qualitative estimate we replace A∞ by A(ρ˜)
in eqs (75), (79). The minimum occurs in a region where
A(ρ˜min) < 6, with positive λ(ρ˜min). This qualitative be-
havior is well visible by taking the ρ˜-derivative of m˜2(ρ˜)
in Fig. 8 or the second ρ˜-derivative of u(ρ˜) in Figs 6, 7.
The upper curve in Fig. 9 shows that the appearance of a
minimum of u(ρ˜) is not the only possibility.
The range of minimum values ρ˜min is restricted, as seen
from the lowest curve in Fig. 9 which corresponds to a
boundary curve for this type of scaling solutions. The ques-
tion arises if ρ˜min can be arbitrarily small. For ρ˜min → 0+
one needs m˜20,∗ = m˜
2(ρ˜ = 0) = 0. From eq. (60) we con-
clude that this requires negative λ0,
λ0 = −cgN¯V g2 . (80)
At least for small g2 and not too large u
(3)
0,∗ there seems to
be a discrepancy with eq. (62). More generally, it is not
clear if all solutions shown in Figs 6 – 9 can be extended
to ρ˜→ 0 once the effects of nonzero m˜2 and λ in eq. (198)
are included.
5.6. Yukawa couplings
For non-zero Yukawa couplings and vanishing gauge cou-
plings the structure of the flow equations is very similar to
the case of non-zero gauge couplings and zero Yukawa cou-
plings. The key difference is a change of the overall sign,
due to the fermionic statistics. As a consequence, a non-
zero Yukawa coupling favors a minimum at the origin. The
fermion fluctuations yield a positive contribution to m˜20 for
the scaling solution. In appendix C we describe the effects
of non-zero Yukawa couplings in more detail.
6. Nonminimal gravitational coupling
The effective Planck mass may depend on the scalar field
due to a nonminimal coupling ξ,
L = −1
2
√
g ξρR , (81)
with R the curvature scalar and ρ a suitable scalar bilinear,
as ρ = h†h for the Higgs doublet. Any non-zero ξ has a
strong influence on the flow equations and the behavior of
the scaling solutions for large values of ρ˜. In this limit the
term (81) dominates the effective Planck mass and there-
fore the effective strength of the gravitational interaction.
We typically find that non-zero ξ induces spontaneous sym-
metry breaking for the scaling solution, with a minimum
at ρ˜0 somewhat below one.
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6.1. Flow equation with non-minimal gravitational
coupling
As a consequence of the term (81), one has a field-
dependent shift in the squared Planck massM2 →M2+ξρ,
or an additional field dependence in the dimensionless
quantity w(ρ˜),
w(ρ˜) = w0 +
ξ
2
ρ˜ . (82)
Here w0 is the dimensionless squared Planck mass discussed
in the previous sections. We assume in this section that
both w0 and ξ are given by k-independent fixed point val-
ues and take them as undetermined parameters. (These
quantities may also depend on a further scalar singlet field
χ.) In sect. 7 we will extend this setting by treating both
the effective potential u(ρ˜) and the coefficient function of
the curvature scalar w(ρ˜) as k-dependent “flowing func-
tions”.
The non-minimal coupling ξ does not affect the contri-
bution from fermions and gauge bosons. Its main effect is
a modification of the contribution from the metric fluctu-
ations by replacing in eq. (19)
v(ρ˜) =
u(ρ˜)
w(ρ˜)
=
u(ρ˜)
w0 + ξρ˜/2
. (83)
The coupling ξ further influences the mixing between the
physical scalar fluctuations in the metric and other scalars.
We neglect this mixing in the present paper such that ξ
does not change the flow contribution from scalar fields.
Then the replacement (83) is the only modification for
nonzero ξ. Similar to our treatment of w before, we do
not compute here the flow equation for ξ.
The ρ˜-dependence of v(ρ˜) obeys [7]
∂v
∂ρ˜
=
m˜2
w
− ξv
2w
. (84)
As a result, the flow equation for m˜2 = ∂u/∂ρ˜ receives an
additional contribution
∂tm˜
2 = 2ρ˜
∂m˜2
∂ρ˜
+ (A− 2)m˜2 − ξAv
2
+ . . . (85)
where A is given by eq. (35) with v(ρ˜) and w(ρ˜). The
dots denote contributions from scalars, fermions and gauge
bosons that are not modified for ξ 6= 0. As a consequence
of the contribution ∼ ξ constant scaling solutions with
m˜2(ρ˜) = 0 are no longer possible.
In particular, one finds for m˜20 = m˜
2(ρ˜ = 0)
∂tm˜
2
0 = (A0 − 2) m˜20 −
ξA0v0
2
− (N
′
S + 2)λ0
32pi2 (1 + m˜20)
2
− 3N¯V g
2
32pi2
+
N¯F y
2
16pi2
. (86)
where we have taken N ′S scalars with O(N ′S)-symmetric po-
tential and assumed that λρ˜ and ρ˜ ∂λ/∂ρ˜ remain finite for
ρ˜ → 0, as well as cg = 1, cf = 1. For ξ 6= 0 a flat po-
tential at the origin (m˜20 = λ0 = 0) is no longer a scaling
solution even for vanishing gauge and Yukawa couplings
g2 = y2 = 0. The issue of spontaneous symmetry breaking
of the scaling solution is directly linked to the sign of m˜20 for
the scaling solution. Eq. (86) shows that this sign depends
on the relative size of the various couplings. For A0 < 2,
positive ξv0, g
2 and λ0 favor spontaneous symmetry break-
ing (m˜20 < 0), while for A0 > 2 the same couplings favor a
minimum of u at the origin.
6.2. Scaling solution
In Fig. 10 we show a numerical scaling solution of
eq. (25), with w(ρ˜) given by eq. (82) and g2 = y2 = 0. We
take ξ = 0.1 and plot four different values of w0 = 0.038,
0.042, 0.05, 0.06. The corresponding values of A0 are
A0 = 2.74, 1.64, 1.0, and 0.68, such that the highest curve
corresponds to A0 > 2. For all curves u(ρ˜) reaches a con-
stant for ρ˜ → 0 and increases as w(ρ˜) ∼ ξ ρ˜/2 for ρ˜ → ∞.
A minimum at ρ˜0 6= 0 is clearly visible. The precise value
of the minimum depends on the initial condition for the
first order differential equation that we choose for Fig. 10
as u(ρ˜ = 1). We find indeed a whole family of scaling
solutions that may be parameterized by u(ρ˜ = 1). As dis-
cussed in appendix B it is so far not known if all scaling
solutions can consistently be continued to ρ˜ = 0 once the
contribution from scalar fluctuations is included.
We plot in Fig. 11 the value v(ρ˜) = u(ρ˜)/w(ρ˜) for the
same set of parameters. All curves approach for ρ˜ → ∞
the asymptotic behavior v(ρ˜→∞)→ 1. This is consistent
with the graviton barrier discussed in ref. [6, 16]. Corre-
spondingly, the increase of u(ρ˜) for ρ˜→∞ is bounded to be
linear in ρ˜. This can be seen in Fig. 12 for m˜2(ρ˜) = ∂ρ˜u(ρ˜).
For large ρ˜ one finds the asymptotic value m˜2(ρ˜ → ∞) =
ξ/2. In the next two sections we will discuss an alterna-
tive asymptotic behavior for ρ˜ → ∞ with w → ξρ˜/2 and
u→ u∞.
The mass term found in Fig. 12 remains small for all w0
and ξ chosen, and for the whole range in ρ˜. This justifies
the approximation of massless scalar field fluctuations. A
whole family of scaling solutions seems to exist.
A non-minimal scalar-curvature coupling ξ strongly in-
fluences the asymptotic behavior for ρ˜ → ∞. As a conse-
quence, the discussion in sects. 3-6 can be relevant only for
a restricted range of ρ˜, i.e.
ρ˜ <
2w0
ξ
. (87)
For small enough ξ this range may be rather large. What
we have called the asymptotic behavior in sects. 3-6 be-
comes in the presence of a small non-minimal coupling the
range of large ρ˜ that still obeys eq. (87). In this range only
small corrections to the results of sects. 3-6 are expected
from the non-minimal coupling ξ.
7. Scaling solution with field-dependent
Planck mass
In this section we extend the truncation of the effective
average action to two k-dependent functions u(ρ˜) and w(ρ˜).
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FIG. 10. Effective potential u in presence of a nonminimal
coupling ξ to gravity, in function of x = ln(ρ˜). Parameters are
ξ = 0.1, Neff = 10. Different curves correspond to different
values of w0 = 0.038, 0.042, 0.05, and 0.06, with corresponding
A0 given by 2.74, 1.64, 1.0, 0.68, from top to bottom. We choose
as initial condition u(x = 0) = 0.03. A local minimum occurs
near x = −2.
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FIG. 11. Ratio v = u/w as function of x = ln(ρ˜) for ξ = 0.1.
Other parameters are as in Fig. 10, with w0 between 0.038 and
0.06 from top to bottom. One observes the common approach
to the asymptotic value v = 1 for x→∞.
For vanishing gauge and Yukawa couplings we recover the
constant scaling solution which corresponds to the exten-
sion of the Reuter fixed point [2, 62–64] of pure gravity
to the presence of matter [4]. Our investigation is based
on the gauge invariant flow equation [5] and the flow equa-
tions for u(ρ˜) and w(ρ˜) derived in ref. [8]. In particular, we
compute the flow equation for the non-minimal coupling ξ.
We discuss the vicinity of the constant scaling solutions as
well as the behavior for large ρ˜ and possible crossover scal-
ing solutions. We include the case of nonzero gauge and
Yukawa couplings.
7.1. Flowing Planck mass
So far we have made an ansatz for the function F (ρ),
or the associated dimensionless quantity w(ρ˜) = F/(2k2).
In this section we investigate the combined system of flow
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FIG. 12. Mass term m˜2(x) with parameters as in Fig. 10, with
w0 between 0.038 and 0.06 from bottom to top on the left side
of the figure.
equations for u(ρ˜) and w(ρ˜). For the truncation (8) with
Za = 1 the flow equations have been computed from the
gauge invariant flow equation [8],
∂tu = 2ρ˜ ∂ρ˜u− 4u+ 5
24pi2
(
1− u
w
)−1
+
N˜U
32pi2
, (88)
and
∂tw = 2ρ˜ ∂ρ˜ w − 2w + 25
64pi2
(
1− u
w
)−1
+
N˜M
96pi2
, (89)
with
N˜U = NS + 2NV − 2NF − 8
3
,
N˜M = −NS + 4NV −NF + 43
6
− 3 ξ˜
2
Nξ . (90)
The result employs the Litim cutoff and simplifies the sub-
dominant sector of scalar metric fluctuations by neglecting
the mixing with other scalar fields and omitting a factor
(1− u/(4w))−1.
For vanishing gauge and Yukawa couplings and massless
fields, one has constant NS, NV and NF , which count the
number of real scalars, gauge bosons and Weyl fermions,
respectively. For g or y different from zero one has effective
ρ˜-dependent particle numbers that obtain by multiplication
with “threshold functions” (1+m˜2i )
−1. The field-dependent
mass terms m˜2i are of the type m˜
2 = g2ρ˜ for gauge bosons,
m˜2 = y2ρ˜ for fermions and m˜2 = u′ + 2ρ˜u′′ or m˜2 = u′
for scalars in the radial or Goldstone directions. Different
species may have different effective couplings.
The function ξ˜ is defined by
ξ˜ =
∂2F
∂ϕ2
, (91)
and may again be different for different scalar fields. It gen-
eralizes the nonminimal gravitational coupling ξ of sect. 6,
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with Nξ the number of states with this coupling. For
ρ˜ = ϕ2/(2k2) it reads
ξ˜ = ξ + 4w2ρ˜ , ξ = 2
∂w
∂ρ˜
, w2 =
∂2w
∂ρ˜2
. (92)
In case of O(N)-symmetry, ρ˜ = ϕaϕa/(2k
2), there are in
additionN−1-contributions from the Goldstone directions,
ξ˜ = Nξ + 4w2ρ˜, (93)
such that for the Higgs-doublet with N=4 one has
Nξ ξ˜ = 4(ξ + ρ˜w2). (94)
Eq. (92) defines the non-minimal coupling ξ(ρ˜) as a field-
dependent function, given by the first ρ˜-derivative of w(ρ˜).
As we have mentioned in the introduction, ξ can take differ-
ent values for large ρ˜ and for ρ˜→ 0. The flow equation for
ξ(ρ˜) obtains by taking a ρ˜-derivative of the flow equation
(89) for w(ρ˜).
7.2. Scaling solutions
For a given model the system of equations (88), (89)
is closed. We are interested in the scaling solution with
∂tu = ∂tw = 0. We discuss here a single species of
scalars coupling with a unique gauge coupling g to NV vec-
tor bosons and a unique Yukawa coupling y to NF vector
mesons. We also assume Nξ = NS and neglect u
′′ and w′′
on the r.h.s. of the flow equations. In this approximation
the two differential equations for the scaling solution read
2ρ˜ ∂ρ˜u = 4 (u− cU) , 2ρ˜ ∂ρ˜w = 2 (w − cM ) , (95)
with
cU =
5
96pi2
(
1− u
w
)−1
+
1
128pi2
[
NS
1 + u′
+
(
3
1 + g2ρ˜
− 1
)
NV − 2NF
1 + y2ρ˜
− 8
3
]
,
(96)
and
cM =
25
128pi2
(
1− u
w
)−1
+
1
192pi2
[
−NS
(
1
1 + u′
+
3w′
(1 + u′)2
)
+ 2NV
(
3
1 + g2ρ˜
− 1
)
− NF
1 + y2ρ˜
+
43
6
]
. (97)
We are interested in solutions for which u′ and w′ remain
finite for ρ˜→ 0. This condition relates u(0), w(0) to u′(0),
w′(0) according to
u(0) = cU(0) =
5
96pi2 (1− v0)
+
1
128pi2
[
NS
1 + u′(0)
+ 2NV − 2NF − 8
3
]
(98)
and
w(0) = cM (0) =
25
128pi2 (1− v0)
+
1
192pi2
[
−NS
(
1
1 + u′(0)
+
3w′(0)
(1 + u′(0))2
)
+ 4NV −NF + 43
6
]
, (99)
with
v0 =
u(0)
w(0)
. (100)
7.3. Constant scaling solution
For vanishing gauge and Yukawa couplings, g = y =
0, the system of differential equations (96), (97) admits a
constant scaling solution, u′(ρ˜) = 0, w′(ρ˜) = 0, which has
been discussed extensively in ref. [8]. It is given by
v∗ = 1− 1
4 N˜M
(
b+
√
b2 + 440 N˜M
)
,
b = 2 N˜M − 3NU − 75 , (101)
N˜U,∗ = NS + 2NV − 2NF − 8
3
,
N˜M,∗ = −NS + 4NV −NF + 43
6
. (102)
The corresponding dimensionless potential and squared
Planck mass are independent of ρ˜,
u∗ =
1
128pi2
(
N˜U,∗ + 20
3 (1− v∗)
)
,
w∗ =
1
192pi2
(
N˜M,∗ + 75
2 (1− v∗)
)
. (103)
A second constant scaling solution exists only in a small
regime of N˜U and N˜M and will not be discussed here ex-
plicitly.
For the major part of the model space (N˜U , N˜M ) we
conclude that out of the two constant scaling solutions for
u for a fixed constant w = w0, that we have discussed in
sect. 3.2, only one is compatible with a simultaneous scaling
solution for w. It corresponds to the extended Reuter fixed
point [4]. As a consequence, the crossover scaling solution
for u˜∗(ρ˜) discussed in sect. 3.3 is not a valid scaling solution
for the combined system of flow equations for u(ρ˜) and
w(ρ˜). It could only be an approximation for a region of
a scaling solution in which w∗(ρ˜) does not change much
with ρ˜. Generic crossover scaling solutions can still exist
for ranges in the field content and parameters for which
two different constant scaling solutions exist. We learn
that even very rough features of scaling solutions as the
number of possible solutions can depend on the truncation
in an important way.
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7.4. Scaling solutions close to a constant scaling
solution
We next address the question if the constant scaling so-
lution is isolated or part of a continuous family of scaling
solutions. For this purpose we discuss first possible scaling
solutions in the vicinity of the constant scaling solution.
These neighboring scaling solutions may only remain in
the vicinity of the constant scaling solution in the range of
small ρ˜. For any non-zero ξ one expects a strong deviation
for ρ˜→∞.
We perform in the appendix D a detailed investigation
of the system of linear differential equations for small de-
viations from the constant scaling solution. The overall
picture emerging is that scaling solutions that are close to
the constant scaling solution for ρ˜ → 0 diverge away from
the constant scaling solution as ρ˜ increases. In the other
direction, a large class of potential scaling solutions ap-
proaches the vicinity of the constant scaling solution for
ρ˜ → 0. In the absence of gauge and Yukawa couplings we
find a problematic transition region where the linear ap-
proximation leads to strong variations, casting doubt on
the existence of global scaling solutions with these proper-
ties.
One possibility to avoid such strong variations is that
valid scaling solutions reach the transition region in a range
where they still differ sufficiently from the constant scaling
solution such that a linear treatment is not valid. We will
observe below that the problem of strong variations seems
not to be present for non-zero gauge or Yukawa couplings.
7.5. Asymptotic scaling for large fields and the
cosmon potential
Interesting candidate scaling solutions reach for large ρ˜
a constant value for u, while w is dominated by a linear
increase with ρ˜,
u(ρ˜→∞) = u∞, w(ρ˜→∞) = ξ∞
2
ρ˜. (104)
Such a behavior leads to cosmologies with a light scalar
field – the cosmon [65] – that could account for dynamical
dark energy or quintessence [15]. The quantity relevant for
cosmology is the dimensionless ratio
u
4w2
=
U(ρ)
M4(ρ)
=
u∞
ξ2∞ρ˜2
=
u∞k4
ξ2∞ρ2
. (105)
It is the same in all metric frames and related to the scalar
potential in the Einstein frame VE by
VE =
uM4E
4w2
=
u∞k4M4E
ξ2∞ρ2
, (106)
with ME the fixed Planck mass in the Einstein frame. The
potential VE constitutes the dark energy density in the Uni-
verse, supplemented by a smaller contribution from the ki-
netic energy of the scalar field. It decreases towards zero
for ρ→∞. “Runaway cosmological solutions” lead indeed
to an unbounded increase of ρ for increasing time. A po-
tential of the type (104) therefore solves the cosmological
constant problem dynamically by dark energy decreasing
to zero in the infinite future. Details of the translation to
cosmology and corrections for realistic cosmologies can be
found in ref. [11]. We mention that the factor k4 is ab-
sorbed by a proper normalization of the kinetic term for
the scalar field, which turns VE into an exponentially de-
creasing potential.
Scaling solutions with asymptotic behavior (104) have
already been investigated in the context of “dilaton quan-
tum gravity” [17, 18]. Interesting candidate scaling solu-
tions have been found numerically. We employ here a sim-
pler system of flow equations which may help towards par-
tial analytical understanding of the main features of possi-
ble scaling solutions. We also extend the scope, including
additional fields and possible non-zero gauge and Yukawa
couplings.
For scaling solutions with an asymptotic behavior (104)
we expand
u(ρ˜) = u∞ +
u(1)
ρ˜
+
u(2)
ρ˜2
+ . . .
w(ρ˜) =
1
2
ξ∞ρ˜+ w(0) +
w(1)
ρ˜
+
w(2)
ρ˜2
+ . . . , (107)
where dots denote higher-order terms in an expansion in
ρ˜−1. This expansion has been investigated to much higher
orders for dilaton quantum gravity [17, 18]. We also expand
cU = cU,∞ +
c
(1)
U
ρ˜
+
c
(2)
U
ρ˜2
+ . . .
cM = cM,∞ +
c
(1)
M
ρ˜
+
c
(2)
M
ρ˜2
+ . . . , (108)
such that the differential equation (95) for the scaling so-
lution takes the form
2 (u∞ − cU,∞) + 3u
(1) − 2c(1)U
ρ˜
+
4u(2) − 2c(2)U
ρ˜2
+ · · · = 0 ,
(109)
and
w(0) − cM,∞ + 2w
(1) − c(1)M
ρ˜
+
2w(2) − c(2)M
ρ˜2
+ · · · = 0 .
(110)
The solution expresses the coefficients u(i), w(i) in terms of
c
(i)
U , c
(i)
M , with ξ∞ a free integration constant. We therefore
have a one-parameter family of asymptotic scaling solu-
tions, parameterized by ξ∞.
For g = y = 0 one has
cU =
5
96pi2 (1− v) +
1
128pi2
[
N˜U +NS
(
1
1 + u′
− 1
)]
,
cM =
25
128pi2 (1− v)
+
1
192pi2
[
N˜M,∗ −NS
(
1
1 + u′
− 1
)
− 3NS w
′
(1 + u′)2
]
.
(111)
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With
(1− v)−1 = 1 + 2u∞
ξ∞ρ˜
+
2
ξ∞ρ˜2
(
u(1) +
2u∞
ξ∞
(u∞ − w(0))
)
,
(112)
one obtains
u∞ = cU,∞ =
5
96pi2
+
N˜U,∗
128pi2
,
w(0) = cM,∞ =
25
128pi2
+
1
192pi2
(
N˜M,∗ − 3NS ξ∞
2
)
.
(113)
In the next order one finds
u(1) =
2
3
c
(1)
U =
5u∞
72pi2 ξ∞
(114)
and
w(1) =
1
2
c
(1)
M =
25u∞
128pi2 ξ∞
. (115)
Continuation to the terms ∼ ρ˜−2 yields
u(2) =
1
2
c
(2)
U =
u(1)
768pi2
(
3NS +
40
ξ∞
)
+
5u∞
48pi2 ξ2∞
(u∞ − w(0)) , (116)
and
w(2) =
1
3
c
(2)
M =
u(1)
192pi2
(
25
ξ∞
− NS
3
−NS ξ∞
)
+
25u∞
96pi2 ξ2∞
(u∞ − w(0)) + NS w
(1)
192pi2
. (117)
This can be continued to higher orders [17, 18] and yields
an accurate description of possible scaling solutions with
the behavior (104). For a given particle content the family
of these candidate scaling solutions is parameterized by the
free constant ξ∞.
The question arises which ones of these asymptotic so-
lutions correspond to true scaling solutions for the whole
range of ρ˜. For a numerical investigation we employ initial
conditions for large ρ˜, ρ˜ = ρ˜as, say ρ˜as = 1000 or even
larger. The initial conditions for u(ρ˜as), w(ρ˜as) are taken
from the asymptotic solution (107), with ξ∞ a free param-
eter. For these large values of ρ˜as the asymptotic solution
(107) obeys the full differential equation (95), (96) with an
accuracy of 10−13 or better. We then solve the differential
equation (95), (96) numerically towards smaller ρ˜ and ask
for which values of ξ∞ the solution extends to ρ˜→ 0. For
g2 = y2 = 0 and NS = 1, NV = 0, NF = 0 we plot the
solution for different values of ξ∞ in Figs 13–15. This could
be a typical setting for a scalar singlet associated to the in-
flaton of the cosmon, the scalar field mediating dynamical
dark energy as χ moves to infinity.
In Fig. 13 we show u(x) for ξ∞ = 0.405, 0.7, 1.0 and 1.5.
For smaller or larger ξ∞ outside the range of the plotted
values, the solutions typically diverge within the interval
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FIG. 13. Effective potential u as function of x = ln ρ˜. We
display curves for four different values ξ∞ = 0.405 (blue), ξ∞ =
0.7 (orange), ξ∞ = 1.0 (green) and ξ∞ = 1.5 (red), from top
to bottom. Initial values as set at ρ˜as = 1000 and the particle
content is given by NS = 1, NV = NF = 0.
of x = ln ρ˜ shown. Only the solutions for ξ∞ within the re-
stricted interval are candidates for valid scaling solutions.
As compared to ref. [17, 18] this seems to restrict the pa-
rameter range for possible scaling solutions. In Fig. 14 we
display w′(x) for the same values of ξ∞. One observes a
switch from positive w = ξ∞/2 for large ρ˜ to negative w′
for ρ˜→ 0. The mass term m˜2 = u′ is displayed in Fig. 15.
While it remains small everywhere, including the transi-
tion region, it shows substantial variation in the transition
region. It remains open if this variation is damped by in-
cluding the neglected terms ∼ u′′, w′′ in the flow equation,
or not.
In view of this open question it is not yet possible to de-
cide if the asymptotic solutions can be extended to ρ˜ = 0 or
not. Better numerical precision, and possibly the inclusion
of non-zero u′′, w′′ in the flow equations would be needed
to decide if all parameters in the range of ξ∞ between 0.405
and 1.5 correspond to global scaling solutions, if only par-
ticularly tuned solutions can make a smooth transition, or
if none of the candidate scaling solutions is globally viable.
We will next see that the transition region is strongly in-
fluenced by the particle content and the possible presence
of gauge or Yukawa couplings. Some of the examples be-
low will show a much smoother behavior in the transition
region.
7.6. Scaling solutions with gauge and Yukawa cou-
plings
The cosmon has to be a singlet with respect to the
SU(3) × SU(2) × U(1)-gauge symmetry of the standard
model. A very light non-singlet scalar would have been
found by present experiments. It may, nevertheless, be-
long to a non-trivial representation of some grand unified
gauge group, as the 24 of SU(5) or the 45 or 54 of SO(10).
Its non-zero cosmological value χ would account for the
spontaneous breaking of the GUT-gauge symmetry. This
is phenomenologically without problems since scale sym-
19
-10 -5 5 x
-0.2
0.2
0.4
0.6
0.8
w′
FIG. 14. Nonminimal scalar coupling w′ as function of x = ln ρ˜.
Parameters and color coding is the same as for Fig. 13. The
value ξ∞ = 2w′(x→∞) can be read off directly.
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FIG. 15. Mass term u′ as function of x = ln ρ˜. Parameters and
color coding is the same as for Figs 13, 14. We observe strong
variations in the transition region of x between −7 and −5. The
negative u′(ρ→ 0) corresponds to a maximum of the potential
at the origin. The small local minimum of u at x ≈ −6.5 may
be an artifact of the truncation.
metry implies that the Fermi scale and the confinement
scale of QCD are also proportional to χ [11, 15]. The ob-
servable ratios of scales would remain invariant even for
cosmologies where χ increases with t.
The important new ingredient for the scaling solutions
in this type of scenario are the gauge couplings of χ to
the heavy gauge bosons of the grand unified gauge sym-
metry. Since these gauge bosons have masses ∼ gχ they
are effectively massless at scales k  gχ, corresponding
to small values of ρ˜. The massive gauge bosons decouple
for k  gχ, or large values of ρ˜. Nevertheless, their pres-
ence will influence the non-leading terms in the expansions
(107), (108). Non-zero gauge couplings play an important
role for the smoothness of the transition region.
With a standard normalization of the kinetic term for χ
the scale of grand unification MGUT is set by the mass of
the heavy gauge bosons, while the effective Planck mass in
the range of large ξ is given by
M2GUT = g
2ρ, M2 = ξ∞ρ,
MGUT
M
=
g√
ξ∞
. (118)
Small values of MGUT/M correspond to large values of
ξ∞. We may also have a situation where χ is dominantly
a singlet with respect to the GUT-symmetry. The scalar
field responsible for GUT-symmetry breaking may take a
smaller value χGUT. Scale symmetry requires χGUT/χ to
be a constant rGUT. With
M2GUT = g
2ρGUT = g
2r2GUTρ, (119)
one finds an effective gauge coupling of the singlet χ given
by
geff = rGUTg. (120)
Employing geff our discussion of non-zero gauge couplings
also applies to the case of a scalar singlet with respect
to the GUT-symmetry. The ratio rGUT can suppress the
coefficient cg in eq. (55). Eq. (118) remains valid if g is
replaced by geff . Even small values of ξ∞ are compatible
with a small ratio MGUT/M .
Nonvanishing gauge couplings change the character of
the scaling solution. We discuss here the approximation
that the gauge coupling g is independent of ρ˜, and make
the simplification that all NV vector bosons have the same
mass term g2 ρ˜. Constant scaling solutions no longer exist
for the whole range of ρ˜ if g2 > 0. This is connected to the
simple property that the effective number of gauge bosons
is not the same for ρ˜ → 0 and ρ˜ → ∞. For small ρ˜,
g2 ρ˜  1, the effective number of gauge bosons is NV .
On the other hand, for large ρ˜ the mass term suppresses
effectively the number of gauge bosons. Only the gauge
modes are massless, replacing effectively NV by NV,∞ =
−NV /2. As a consequence, the effective numbers N˜U and
N˜M for ρ˜→ 0 are replaced for ρ˜→∞ by
N˜U,∞ = NS −NV − 2NF − 8
3
,
N˜M,∞ = −NS − 2NV −NF + 43
6
− 3 ξ˜
2
Nξ . (121)
One may still have an almost flat potential for ρ˜ → ∞ as
well as for ρ˜ → 0. The values of the flat potentials in the
two limits will be different, however. Scaling solutions have
then to describe a crossover between the two flat solutions,
similar to sect. 5, cf. Figs. 6, 9.
The situation is similar for nonzero Yukawa couplings.
For ρ˜→∞ the effective number of fermions reduces to zero
if we assume that all fermions have nonvanishing Yukawa
couplings. We will consider a setting where all fermions
have the same ρ˜-independent Yukawa coupling y. Taking
further Nξ = NS, the effective particle numbers become for
ρ˜→∞
N˜U,∞ = NS −NV − 8
3
,
N˜M,∞ = −NS − 2NV + 43
6
− 3 ξ∞
2
NS . (122)
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We may again explore the asymptotic scaling solutions
of the type (107). The coefficients u∞, w(0) are now given
by
u∞ = cU,∞ =
5
96pi2
+
N˜U,∞
128pi2
,
w(0) = cM,∞ =
25
128pi2
+
1
192pi2
N˜M,∞ . (123)
For the coefficients of the terms ∼ ρ˜−1 one obtains
u(1) =
2
3
c
(1)
U =
5u∞
72pi2 ξ∞
+
1
64pi2
(
NV
g2
− 2NF
3y2
)
,
w(1) =
1
2
c
(1)
M =
25u∞
128pi2 ξ∞
+
1
384pi2
(
6NV
g2
− NF
y2
)
.
(124)
Finally, the coefficients u(2), w(2) acquire additional con-
tributions as well,
u(2) = u
(2)
0 + ∆u
(2) , w(2) = w
(2)
0 + ∆w
(2) , (125)
where u(2) and w
(2)
0 are given by eqs (116) and (117), re-
spectively, and
∆u(2) =
1
2
∆c
(2)
U = −
1
256pi2
(
3NV
g4
− 2NF
g4
)
,
∆w(2) =
1
3
∆c
(2)
M = −
1
192pi2
(
2NV
g4
− NF
3y2
)
. (126)
In Figs 16–18 we plot the scaling solutions that connect
to the asymptotic scaling solutions for constant g2/4pi =
y2/4pi = 1/40. We choose the particle content of the stan-
dard model, NS = 4, NV = 12, NF = 45 and set the
asymptotic initial conditions at ρ˜as = 5000. We choose two
values ξ∞ = 0.1 and 1.0 and compare the solutions with
the corresponding solutions for g2 = y2 = 0. For ξ∞ & 1.5
(g2 > 0) or ξ∞ & 2 (g2 = 0) the coefficient w turns nega-
tive inside the interval of x shown. These solutions are not
acceptable scaling solutions, such that the allowed range
of scaling solutions does not admit large scalar-curvature
couplings ξ∞.
In Fig. 16 we plot the dimensionless effective potential
u(x), x = ln ρ˜. The upper two curves for large x correspond
to g2/4pi = 1/40, the two lower ones to g2 = 0. We observe
indeed a crossover between two regions of almost constant
potential for ρ˜ → 0 and ρ˜ → ∞. The potential is higher
for ρ˜ → ∞. For g2 > 0 this corresponds to the effective
particle numbers N˜U,∞ and N˜M,∞. The dependence on
ξ∞ is small except for the transition region. For the curves
with g2 ≈ 0.3 the transition occurs for ρ˜ ≈ 3, according to
g2 ρ˜ ≈ 1. The behavior of the two curves with g2 > 0 is
clearly dominated by the effect of the gauge and Yukawa
couplings that result in the variation of the effective degrees
of freedom. For the two curves with g2 = 0 the crossover
occurs for smaller ρ˜ as compared to the curves with g2 > 0.
For all curves the potential u(ρ˜→ 0) is close to the constant
scaling solution u∗.
In Fig. 17 we display the dimensionless mass term
m˜2(ρ˜) = u′(ρ˜). The parameters are the same as for Fig. 16.
For all curves the mass term vanishes for ρ˜ → ∞, as ex-
pected for the asymptotic scaling solution. For ρ˜ → 0 the
mass term switches to positive values, indicating that for
all curves the minimum of the effective potential is situated
at ρ˜ = 0. The two upper curves on the left hand side corre-
spond to the value ξ∞ = 1.0, the lower ones to ξ∞ = 0.05.
For ξ∞ = 1 the mass term at ρ˜ = 0 is substantial. It de-
pends only mildly on the value of g2. For small ξ∞ = 0.05
(two lower curves on the left) the mass term at ρ˜ = 0 is
much smaller. We observe that none of the curves shows
the strong variations in the transition region that we have
found for NS = 1, NV = NF = 0 near ρ˜ = 1/(64pi
2). There
seems to be no obstacle to continue the solutions to ρ˜→ 0.
The small variations observed for large negative x are pre-
sumably numerical errors, which blow up if the region is
further extended towards x → −∞. The observed mass
terms are compatible with the difference u(ρ˜ = 0) − u∗
according to eq. (98).
Fig. 18 displays w′(ρ). For large ρ˜ it approaches the
asymptotic value ξ∞/2, and it makes a crossover to larger
values at ρ˜ = 0. For large ξ∞ (two upper curves) the
dependence on the value of g2 is very small. The depen-
dence on g2 is more pronounced for the two lower curves
with ξ∞ = 0.05. The green curve for g2 > 0 seems to
show a somewhat sharper transition than the blue curve
for g2 = 0. Both for u′(ρ˜) and w′(ρ) the transition be-
tween the constant values for ρ˜→∞ and ρ˜→ 0 occurs for
x ≈ −5, corresponding to ρ˜ ≈ 1/(64pi2). It is related to
the scalar sector, since the gauge boson masses ∼ g2 ρ˜ are
already very small in the transition region. The caveats
about the neglection of u′′, w′′ in this region remain valid.
We conclude that interesting crossover scaling solutions
for the potential between two constant values for ρ˜→ 0 and
ρ˜→∞ seem possible for an effective Planck mass that in-
creases ∼ ρ˜ due to a non-minimal coupling ξ∞. The region
where the existence of a global solution is decided is the
transition region around ρ˜ = 1/(64pi2). The smoothness in
this transition region depends substantially on the parti-
cle content. It seems not unlikely that also the number of
global scaling solutions depends on the particle content in
a critical way.
8. Scaling solutions for the standard
model
The standard model of particle physics coupled to quan-
tum gravity may be a consistent quantum field theory.
This requires the presence of an UV fixed point, render-
ing the model asymptotically safe. The fixed point does
not only concern a small number of couplings. It requires
the existence of a scaling solution for functions as u(ρ˜) and
w(ρ˜). Within our approximation such scaling solutions in-
deed exist. For the standard model coupled to gravity the
gauge and Yukawa couplings can be asymptotically free.
This is necessary for the non-abelian couplings, while for
the abelian coupling g1 another fixed point with g1∗ 6= 0
may exist [66–71]. For the scaling solution we take here
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FIG. 16. Effective potential u as function of x = ln ρ˜. The two
upper curves are for g2/4pi = y2/4pi = 1/40. The red curve
corresponds to ξ∞ = 1.0, the green curve to ξ∞ = 0.05. The
two lower curves are for g2 = y2 = 0, with the orange curve for
ξ∞ = 1.0 and the blue curve for ξ∞ = 0.05. Particle numbers
are NS = 4, NV = 12, NF = 45 and initial conditions are set at
ρ˜as = 5000.
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FIG. 17. Mass term u′(ρ˜) as function of x = ln ρ˜. Values of
parameters and color coding are the same as in Fig. 16. The
two upper curves on the left (red and orange) correspond to
ξ∞ = 1.0, the two lower ones (blue and green) to ξ∞ = 0.05.
g2 = y2 = 0.
8.1. Constant scaling solution
The constant scaling solution with ρ˜-independent u and
w is a viable scaling solution. This scaling solution pre-
dicts a vanishing quartic scalar coupling at the fixed point.
Close to the fixed point the quartic scalar coupling is an
irrelevant parameter with critical exponent given by −A.
In a complete theory it can therefore be predicted to take
its fixed point value. The gauge and Yukawa couplings are
relevant parameters at the fixed point. They will increase
as the flow moves away from the fixed point towards the
infrared. The flowing gauge and Yukawa couplings gener-
ate, in turn, a nonzero value for the quartic scalar coupling.
As long as the graviton fluctuations remain important this
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FIG. 18. Nonminimal scalar coupling w′(ρ˜) as function of x =
ln ρ˜. Parameters and color coding are the same as for Figs 16,
17. The value ξ∞ = 2w′(x→∞) can be read easily.
value remains very small. A more substantial increase hap-
pens only for scales below the Planck mass. This simple
picture has successfully predicted [3] the mass of the Higgs
boson in the range that has later been observed [72–74].
For the constant scaling solution the effective potential
is flat and corresponds to a cosmological constant
U(ρ) = U0 = u∗ k4 . (127)
The cosmological constant is negative, u∗ < 0, and van-
ishes for k → 0. The cosmological constant is a relevant
parameter. Its flow away from the fixed point leads to a
value of U(ρ = 0) different from the one for the scaling
solution (127). It is a free parameter and can be chosen ar-
bitrarily, for example to coincide with the present observed
dark energy density. Also the mass term for the Higgs po-
tential is a relevant parameter at the fixed point. Its value
at k = 0 can be chosen such that the expectation value of
the Higgs scalar coincides with the observed Fermi scale.
The constant scaling solution cannot account for Higgs
inflation, however. The relevant coupling corresponding to
the cosmological constant has to be chosen such that for
k → 0 the cosmological constant is very small. This implies
that for k larger than the Fermi scale, U(k) is given by the
scaling solution. Even if we could somehow identify U(k)
with the cosmological constant for a scale k corresponding
to the Hubble parameter H, (such an identification is far
from obvious,) the value of U(k) is negative and cannot
describe cosmology close to de Sitter space. We extend the
discussion of this issue to other candidate scaling solutions
in sect. 8.3, with a similar negative outcome. A possible al-
ternative for inflation for the pure standard model coupled
to gravity could be a large coefficient of the term ∼ R2 in
the effective action, leading to Starobinsky inflation [75].
8.2. Crossover potential
A possible realization of Higgs inflation [9] for the stan-
dard model coupled to quantum gravity needs a scaling
solution different from the constant scaling solution. The
non-minimal coupling ξ should not vanish. We therefore
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FIG. 19. Effective potential u as function of x = ln ρ˜ for ξ∞ =
0.1 (blue), 1.0 (orange), 103 (green) and 104 (red), from right
to left in the right part and from top to bottom in the left part.
The horizontal line indicates the scaling solution. The particle
content is the one of the standard model, NS = 4, NV = 12,
NF = 45.
explore the possible existence of other scaling solutions be-
yond the constant scaling solution. For large ρ˜, scaling
solutions different from the constant scaling solution can
take the form of the asymptotic scaling solution (107). A
numerical investigation shows that such scaling solutions
indeed seem to exist. As before, we fix initial conditions
at some large ρ˜as as a function of the free parameter ξ∞.
We find two ranges of solutions, one for small ξ∞ in the
range 0 ≤ ξ∞ . 1.5, the other for large ξ∞ & 1000. In the
range 1.5 . ξ∞ . 1000 the coupling w turns negative, not
consistent with stable gravity.
For this type of solution the potential is a crossover po-
tential, as shown in Fig. 19 for low values of ξ∞ = 0.1, 1,
103, 104. All curves show a crossover from larger values of
u for ρ˜→∞ (x→∞) than for ρ˜ = 0 (x→ −∞). The min-
imum of the effective potential is at the origin, ρ˜ = 0. For
ρ˜→∞, all crossover scaling solutions approach a common
constant, given by u∞ < 0 according to eq. (113), with
N˜U,∗ = NS + 2NV − 2NF − 8/3. This crossover behav-
ior continues for smaller values ξ∞ < 0.1, with a location
of the crossover shifted further to the right. The param-
eter determining the location of the crossover is given by
ρ˜/ξ∞. We show u(x) in Fig. 20 in a smaller range around
x = ln(1/(16pi2)) for ξ∞ = 2 · 10−5, 10−4, 10−3, 0.03. As
ξ∞ approaches zero, the curves approach the constant scal-
ing solution which is also shown as the horizontal straight
line. Simultaneously, the location of the crossover to larger
values moves to ρ˜cross →∞ as ξ∞ → 0, realizing a smooth
limit for the approach to the constant scaling solution. We
show the corresponding scaling solutions w(x) for the same
small values of ξ∞ in Fig. 21, with constant scaling solu-
tion w∗ given by the horizontal line. We observe that the
scaling solutions for small ξ∞ all meet in a common point
ln ρ˜ ≈ −5.05, both for u and for w. Around this point the
linearized differential equation (285) is valid.
For all solutions the mass term u′(ρ˜) increases as ρ˜ de-
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FIG. 20. Effective potential u as function of x = ln ρ˜ for ξ∞ =
2·10−5 (blue), 10−4 (orange), 10−3 (green) and 0.003 (red), from
bottom to top on the right side. The constant scaling solution,
given by the horizontal line, is approached for ξ∞ → 0. All
curves meet in a common point at x ≈ −5.05.
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FIG. 21. Dimensionless squared Planck mass w as function of
x = ln ρ˜ for ξ∞ = 2 · 10−5 (blue), 10−4 (orange), 10−3 (green),
0.003 (red), from top to bottom on the left. The horizontal line
denotes the scaling solution which is approached for ξ∞ → 0.
All curves meet in a common point at x ≈ −5.05.
creases, as shown in Fig. 22 for ξ∞ = 0.01, 1.0, 103, 104
from bottom to top. We display m˜20 = u
′(ρ˜ = 0), corre-
sponding to the asymptotic limit x→ −∞, in table I. (For
very small ρ˜ our numerical solution starts to be unstable,
and we take in practice u′(ρ˜ = 10−11).) Also ξ(ρ˜) = 2w′(ρ˜)
increases as ρ˜ decreases. The values ξ0 for ρ˜→ 0 are shown
as well in table I. The numerical solutions for ξ∞ in the
range between 10−3 and 1 show a very narrow spike for a
value of x smaller than the point where all curves for u and
w meet. So far we have not attempted for a better resolu-
tion of the spike. It is doubtful that the solutions in this
range are acceptable scaling solutions. This would leave
for ξ∞ only two windows, either ξ∞ < 10−3 or ξ∞ > 103.
8.3. Higgs inflation
Higgs inflation [9, 10] has been proposed as a possibility
to accomodate the inflationary universe within the stan-
dard model. The original proposal has employed rather
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FIG. 22. Dimensionless mass term m˜2 = u′ as function of x =
ln ρ˜, for ξ∞ = 0.1 (blue), 1 (orange), 103 (green) and 104 (red),
from bottom to top.
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FIG. 23. Potential in the Einstein frame VE as function of
x = ln ρ˜, for ξ∞ = 2 · 10−5 (blue), 10−4 (orange), 10−3 (green),
0.003 (red), from right to left.
TABLE I. Values of parameters at ρ˜ = 0 for asymptotic scaling
solutions with different parameters ξ∞. We show the dimension-
less mass term m˜20, the nonminimal scalar-gravity coupling ξ0
and the quartic scalar coupling λH0. For ξ∞ ≥ 0.01 the quartic
scalar coupling gets very large and is not displayed here.
ξ∞ m˜20 ξ0 λH0
2 · 10−5 8.6 · 10−4 1.6 · 10−3 1.3 · 10−3
10−4 1.6 · 10−3 2.5 · 10−3 3.2 · 10−3
10−3 0.019 0.035 0.63
0.003 0.034 0.065 2.28
0.01 0.073 0.156
1.0 0.43 2.4
103 3.29 28.8
104 4.4 40.5
large values of the nonminimal scalar-gravity coupling ξ.
Smaller values seem also possible, while generally values
ξ & 10 are assumed. In the presence of quantum gravity
effects, even small ξ  1 could be compatible with realistic
inflation [11]. The reason is the generic flattening of the
scalar potential for large field values due to the fluctuations
of the metric field.
Discussing these proposals in the light of the scaling so-
lutions for quantum gravity, one encounters a major prob-
lem: The scaling potential remains negative for the whole
range of ρ˜, while a positive potential would be required for
inflation. The relevant quantity for inflation is actually the
potential in the Einstein frame (with M¯ the observed fixed
Planck mass)
VE =
M¯4 U
F 2
=
M¯4 u
4w2
. (128)
We display VE in Fig. 23 for ξ∞ = 2 ·10−5, 10−4, 10−3 and
0.003 from right to left. It has a flat tail for ρ → ∞, as
suitable for inflation,
VE(ρ→∞) = M¯
4 u∞
ξ2∞ ρ˜2
=
u∞ M¯4 k4
ξ2∞ ρ2
. (129)
Successful inflation would need, however, a shift to positive
values. A positive scaling potential could be achieved by
adding additional bosonic particles, as in GUT-models, but
it is not possible for the particle content of the standard
model alone.
8.4. Standard model in the Einstein frame
For a connection to observable quantities it is useful to
transform all quantities to the Einstein frame with a con-
stant Planck mass M¯. The ratio
Vˆ =
U
F 2
=
VE
M¯4
=
u
4w2
(130)
is a frame-invariant quantity. It does not change under a
Weyl transformation of the metric, i.e.
(gE)µν =
F
M¯2
gµν . (131)
With K the prefactor of the kinetic term, (K = 1 in our
truncation,) the frame-invariant expression for the kinetic
term is [76], [18]
Kˆ =
K k2
F
+
6ρ k2
F 2
(
∂F
∂ρ
)2
=
1
2w
+
6
ρ˜
(
∂ lnw
∂ ln ρ˜
)2
. (132)
In the Einstein frame the kinetic term for the Higgs doublet
h reads (ρ = h†h)
Lkin = M¯
2 Kˆ
k2
∂µh† ∂µh = ∂µh
†
E ∂µhE , (133)
with hE the canonically normalized field in the Einstein
frame, related to h by
∂hE
∂h
=
M¯
k
√
Kˆ . (134)
24
For the Einstein frame we define the dimensionless invari-
ant
ρ˜E =
ρE
M¯2
=
h†EhE
M¯2
. (135)
For a formulation with canonical kinetic terms we need to
express VE/M¯
4 in terms of ρ˜E .
For the relation between ρ˜ and ρ˜E we integrate eq. (134),
ρ˜E =
1
4
(∫ ρ˜
0
dρ˜′
√
Kˆ
ρ˜′
)2
. (136)
The dimensionless invariant ρ˜E only depends on the di-
mensionless variable ρ˜, without any explicit dependence
on k. For the scaling solution, Vˆ and Kˆ are functions of
ρ˜ without explicit dependence on k. Thus k completely
disappears in the Einstein frame. If a model is defined pre-
cisely on the fixed point exact quantum scale symmetry is
realized [11]. In this case the relevant cosmological field
equations in the Einstein frame can be directly extracted
from the field equation derived from the action
S =
∫
x
√
gE
{
− M¯
2
2
RE +
1
2
∂µh†E ∂µhE + M¯
4 Vˆ (hE)
}
.
(137)
They do not involve the scale k, which therefore does not
need to be specified.
The possible absorption of the renormalization scale k
into a suitable normalization of fields is an important gen-
eral property of scaling solutions. For scaling solutions k
constitutes the only field-independent mass scale. It can be
interpreted as the scale at which an observer looks, such
that fluctuations with wavelength larger than k−1 do not
influence the observation effectively. Since k is the only
scale, its value is arbitrary. It is therefore not surprising
that it can be absorbed into a suitable field definition. Nev-
ertheless, since some scale must be present in order to pro-
vide for mass units of the fields, a scale will also be present
if k is absorbed in the field normalization. For the Einstein
frame this is the fixed Planck mass M¯ in eq. (137). As an
important consequence of this setting there is actually no
need of a flow away from the scaling solution in order to
make contact with observation.
For our scaling solutions eq. (136) can be solved easily
for limiting cases. For ρ˜→ 0 one has w = w0 + ξ0 ρ˜/2 and
therefore
Kˆ =
1
2w0
+ (6 ξ0 − 1) ξ0
4w20
ρ˜ . (138)
In leading order this yields
ρ˜ = 2w0 ρ˜E . (139)
In the limit of large ρ˜ we use w = ξ∞ ρ˜/2 and
Kˆ =
(
6 +
1
ξ∞
)
ρ˜−1 . (140)
This implies for ρ˜→∞
ρ˜E =
1
4
(
6 +
1
ξ∞
)
ln2
ρ˜
ρ˜0
=
1
4
(
6 +
1
ξ∞
)
(x− x0)2 . (141)
Up to a constant factor the variable x used in our figures
can be associated directly with |hE | in the region of large
x.
In the large-field region ρE  M¯2 the potential in the
Einstein frame approaches exponentially zero,
VE =
u∞ M¯4
ξ2∞
exp(−2x0) exp
{
−4
√
ξ∞
6ξ∞ + 1
√
h†EhE
M¯
}
.
(142)
If one could shift VE by a positive constant this would be a
flat region suitable for inflation. No such shift is possible,
however, since Vˆ has to go to zero for ρ˜ → ∞. Since
u∞ < 0 the potential in the Einstein frame approaches
zero from below. The scaling potential for the standard
model is not compatible with Higgs inflation.
This issue extends to the scaling solution for many other
models. Whenever ξ∞ > 0, the potential in the Einstein
frame has to approach zero for large field values. This re-
sults from the boundedness of U by the graviton barrier [6]
– namely u cannot increase faster than ρ˜ – combined with
the increase w ∼ ρ˜. The large field region is interesting for
late cosmology since it leads to an asymptotic approach of
VE, and therefore the dark energy density, to zero. This
property excludes, on the other hand, the use of the large
field region for inflation. What could still be possible is a
role of intermediate regions where ρ˜ has not yet reached the
asymptotic regime. This is particularly relevant for small
values of ξ∞, since even for rather large ρ˜ the function w(ρ˜)
may not be dominated yet by the increase ∼ ρ˜.
8.5. Flow away from the scaling solution
The use of the scaling solution for all aspects of obser-
vation is possible, but not compulsory. The quantum field
theory for the standard model and gravity may be defined
only by an asymptotic approach to the fixed point in the
ultraviolet. Then the values of relevant parameters play a
role. The Planck mass and the cosmological constant are
relevant parameters. They can deviate from the scaling
solution for small k. The leading relevant parameter is the
Planck mass, typically in the form
F = M¯2 + 2w∗
( ρ
k2
)
k2 , (143)
with w∗(ρ˜) given by the scaling solution. For k → 0 it
assumes the form
F = M¯2 + ξ∞ ρ , (144)
and we associate the integration constant M¯ with the ob-
served Planck mass. (Note that the constant M¯ has the
same value, but a different role as compared to the scal-
ing solution in eq. (137).) The transition scale kt for the
crossover from the scaling solution to the solution (144) for
k → 0 depends on ρ according to
M¯2
k2t
= 2w(0) + ξ∞
ρ
k2t
, (145)
which yields
k2t (ρ) =
M¯ − ξ∞ ρ
2w0
θ
(
M¯2 − ξ∞ ρ
)
. (146)
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For large ρ M¯2/ξ∞ the integration constant M¯2 plays no
role and we can employ the scaling solution, e.g. kt(ρ) = 0.
In particular, there cannot be any constant shift in the
behavior of u(ρ˜ → ∞). As a consequence, the asymptotic
behavior for ρ˜→∞ of u(ρ˜), w(ρ˜), and therefore also VE in
eq. (142) is not affected. Modifications arise only for small
enough ρ˜.
For w the flow away from the scaling solution implies a
strong increase of w for k → 0
w = w∗(ρ˜) +
M¯2
2k2
≈ w0∗ + ξ∞ρ+ M¯
2
2k2
, (147)
where we have parameterized an approximate form of
w∗(ρ˜) ≈ w0∗ + ξ∞ρ˜/2. This increase is responsible for
the decoupling of gravity for low k.
For the scalar potential in the Einstein frame VE away
from the scaling solution we may use the ansatz
U = u∗(ρ˜)k4 + V (ρ), (148)
with V = 0 for the scaling solution. This results in
VE =
V + u∗k4(
1 + ξ∞ρ/M¯2 + 2w∗0k2/M2
)2 (149)
If we assume that for the relevant epochs in cosmology we
can take k → 0 we remain with a potential that vanishes
for ρ → ∞, provided V (ρ) does not increase too rapidly
with ρ,
VE =
V (ρ)(
1 + ξ∞ρ/M¯2
)2 (150)
What is needed is an understanding of V (ρ). This func-
tion corresponds to a solution of the flow equation for U
as k → 0. At fixed ρ one has
∂tU = 4cU(ρ˜)k
4. (151)
With the ansatz (148) one finds
∂tU = 4u∗k4 − 2ρ˜∂ρ˜u∗k4 + ∂tV = 4cU∗(ρ˜)k4 + ∂tV, (152)
where we have inserted the equation for the scaling solution
u∗(ρ˜). Comparison with eq. (151) yields.
∂tV = 4(cU(ρ˜)− cU∗(ρ˜))k4. (153)
We recover the scaling solution for V = 0 and cU(ρ˜) =
cU∗(ρ˜). For small deviations from the scaling solution one
can linearize the flow equation. In this regime ∂tV is char-
acterized by a critical exponent. Typically V corresponds
to a relevant coupling which implies at least one free pa-
rameter for the general solution for V .
For k2  M¯2 the deviations from the scaling solution are
not small. Understanding the ρ-dependencies of V will re-
quire a numerical solution of the flow equation, which also
takes into account the flow of other couplings, as gauge
and Yukawa couplings, away from their fixed points. This
is outside the scope of this paper. For ρ  M¯2 one ex-
pects that V approaches the perturbative , almost quartic
potential of the standard model. It is, however, the behav-
ior of the potential at much higher ρ, typically in the order
k2t , that is relevant for Higgs inflation. For this region not
much can be said at the present level of our investigation.
The only direct consequence of the scaling solution remains
the value of ξ∞. Given the restrictions on the asymptotic
behavior for ρ˜→∞, however, compatibility with Higgs in-
flation seems unlikely. In particular, large values of ξ∞ are
disfavored since ρ enters the regime of the scaling solution
already for values much smaller than M¯2.
8.6. Non-minimal Higgs-curvature coupling and
prediction for the mass of the Higgs boson
The existence of scaling solutions places important con-
straints on the value of the non-minimal coupling. For
the allowed branch of small values one typically needs
ξ∞ . 10−3. There seems to exist another branch of high
ξ∞ & 103, but it is not clear if scaling solutions with these
rather extreme values survive a more extended truncation.
From the point of view of observation only the branch with
low ξ∞ is allowed. This is connected with the influence of
the non-minimal coupling ξ on the predicted mass of the
Higgs boson. Because of the relevance to particle physics
we discuss here this connection in detail.
The quartic coupling λ of the Higgs self-interaction corre-
sponds to an irrelevant parameter at the fixed point. It can
therefore be predicted to take at short distances its fixed
point value. The corresponding prediction for the mass of
the Higgs boson to be 126 GeV with a few GeV uncertainty
[3] agrees well with the experimental value of 125 GeV
found later. The central value of the prediction depends
on the pole mass of the top quark mt. For mt = 171 GeV
the prediction for the central value is lowered to 125 GeV.
The fixed point value of λ is influenced by the non-
minimal Higgs-curvature coupling ξ0 = ξ(ρ˜→ 0) [11]. This
was assumed to be negligible for the prediction in ref. [3]
Since the scaling solutions restrict the possible values of ξ0,
we investigate here the influence of ξ0 on the prediction of
the mass of the Higgs boson. More generally, we investi-
gate the influence of metric fluctuations on the position of
the fixed point value λ∗.
The couplings λ and ξ0 are defined by
λ =
∂2u
∂ρ˜2
∣∣∣
ρ˜=0
, ξ0 = 2
∂w
∂ρ˜
∣∣∣
ρ˜=0
. (154)
The flow equations for λ and ξ0 can be obtained by taking
suitable ρ˜-derivatives of eqs. (88), (89), evaluated at ρ˜ = 0.
For the flow of the quartic coupling one finds [7, 11]
∂tλ = Aλ+ β
(p)
λ − Cg, (155)
with β
(p)
λ the part induced by fluctuations of gauge bosons,
fermions and scalars, and Cg a gravitational contribution.
For β
(p)
λ we may employ here the approximate one-loop
expression
β
(p)
λ = −
3y4t
4pi2
+
171α2
50
, (156)
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that is the same as in standard perturbation theory. Here
yt is the Yukawa coupling of the top quark and α =
g22/(4pi), with with g2 the SU(2)-gauge coupling of the stan-
dard model. (We have taken for the hypercharge coupling
g1 the approximation g1 = g2, neglected all Yukawa cou-
plings to fermions except for the top quark, as well as small
contributions ∼ λα, λy2t , λ2.)
For Cg one finds [7, 11]
Cg =
Aξ0
w
(
m˜2 − ξ0v
2
)
− 2A
(1− v)w
(
m˜2 − ξ0v
2
)2
+Avw2.
(157)
Here all quantities have to be evaluated at ρ˜ = 0 and
w2 =
∂2w
∂ρ˜2
∣∣
ρ˜=0
. (158)
With
v1 =
∂v
∂ρ˜
∣∣
ρ˜=0
=
(
m˜2 − ξ0v
2
)
/w, (159)
we observe that Cg vanishes if v is independent of ρ˜ and
w2 = 0,
Cg = A
(
ξ0 − 2w
1− v v1
)
v1 +Avw2. (160)
We may neglect w2 and investigate the flow equations for
m˜2, ξ0 and v1. For the crossover scaling solutions one ob-
serves a very rapid increase of v1 from v1(ξ∞ = 10−4) ≈ 3
to v1(ξ∞ = 10−3) ≈ 40. We doubt that a strong increase
of ∂v/∂ρ & 3 is compatible with a consistent scaling solu-
tion. The variation of v(ρ˜) becomes even more dramatic
for larger values of ξ∞. We take as a rather conservative
bound ξ∞ < 10−4, restricting further the allowed range of
small ξ∞ for which global scaling solutions could become
possible.
It turns out that the value of m˜20 for the scaling solution
of the standard model is actually rather small. If we neglect
it, one has
v1 = − ξ0u
2w2
. (161)
This approximation yields the simplified flow equation (1),
which permits a qualitative view on the influence of the
non-minimal coupling. For quantitative computations we
include the effect of m˜2.
In the gravity-dominated regime for k2  M¯2 and for
small β
(p)
λ the flow of λ(k) is characterized by an approxi-
mate partial fixed point
λ∗ =
3y4t
4pi2A
− 171α
2
50A
+
Cg
A
. (162)
This partial fixed point is valid for k > kt and constitutes
the ”initial value” for the flow in the low-energy regime
k < kt, for which gravitational effects vanish rapidly due
to decreasing A, and only β
(p)
λ survives effectively. For
v and w we can take the values for the scaling solution
at the UV-fixed point, while yt and α can be found from
extrapolating the observed low energy couplings to kt by
use of the perturbative renormalization group.
8.7. Prediction for the mass of the top quark
It is our aim to investigate the effect of the non-vanishing
Higgs-curvature coupling ξ0 on the prediction of the mass
of the Higgs boson. Since the prediction of λ(kt) actually
results in a prediction of the ratio of the mass of the Higgs
boson compared to the mass of the top quark [11], and the
mass of the Higgs boson is accurately measured, we may
turn this to an investigation of the effect of
∆λg =
Cg
A
(163)
on the prediction for the mass of the top quark mt. For
a quantitative analysis we employ the estimate [11] that a
value ∆λ = 0.014 decreases mt by 1 GeV,
mt −mt,0
GeV
= −71.4∆λ, (164)
with mt,0 the prediction for Cg = 0.
The values of v and w at the fixed point are given for
the standard model as
u∗ = −0.0507 (−0.0508),
v∗ = −10.05 (−10.27),
w∗ = 0.00505 (0.00495). (165)
Here the first value corresponds to the constant scaling so-
lution, as computed in ref. [8], while the value in brackets
corresponds to a typical crossover scaling solution as de-
scribed in this section. Since the two values are rather sim-
ilar only a modest uncertainty is related to the difference
of these values. The gravity induced anomalous dimension
reads
A =
5
24pi2w(1− v)2 +
1
96pi2w(1 + v/4)2
≈ 0.051, (166)
where the second term arises from the physical scalar fluc-
tuation in the metric. Due to the large negative value of
v for the standard model, one finds that A is substantially
smaller than one, and the second term contributes of sim-
ilar size as the first tern, in contrast to v > 0.
Let us first discuss the value of ∆λ for the scaling solu-
tion with vanishing gauge and Yukawa couplings. For the
constant scaling solution one has ∆λ = 0. This solution has
a vanishing Higgs-curvature coupling, ξ0 = ξ∞ = 0. For
the possible crossover scaling solutions ∆λ corresponds to
λH0 in table I. There is a one-parameter family of crossover
solutions parameterized by ξ∞. Only a range of very small
ξ∞ of the order of a few times 10−4 or less is consistent with
the observed mass ratio between Higgs boson and top quark
mass, even if we admit an uncertainty in the present exper-
imental determination of the pole mass for the top quark
of one or two GeV and theoretical uncertainties of a sim-
ilar order. In particular, large values of ξ∞  1, as often
used for Higgs inflation, are not compatible with asymp-
totic safety for quantum gravity coupled to the standard
model. This points towards the constant scaling solution,
which is the only one which is firmly established within our
truncation.
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The constant scaling solution for the standard model pre-
dicts λ∗ = 0. This is compatible with the observed value of
the mass of the Higgs boson and top quark. Since the scal-
ing solution has vanishing gauge and Yukawa couplings,
and these couplings are non-zero at the transition scale
kt where the metric fluctuations decouple, the gauge and
Yukawa couplings have to flow away from the fixed point
before kt is reached. We next estimate the quantitative ef-
fect of this “flow away” for the prediction of the top quark
mass.
8.8. Influence of gauge and Yukawa couplings
For the constant scaling solution (or crossover scaling
solutions with small ξ∞) the flow away from the fixed point
could induce a more sizable ∆λ due to the effects of gauge
and Yukawa couplings. We therefore include next the effect
of gauge and Yukawa couplings to the flow of ξ0. They may
lead to a value of ξ0(kt) that differs from the fixed point
value given in table I. The ρ˜- derivative of eq. (89) at ρ˜ = 0,
yields
∂tξ =
25
(
m˜2 − ξv2
)
128pi2w(1− v)2
− m˜
2 − ξv2
1152pi2w
∂
∂v
(
8 + v − 916v2(
1− v4
)2
)
− 3w2
32pi2
+
1
192pi2
{4∂ρ˜NV − ∂ρ˜NS − ∂ρ˜NF } . (167)
Here the first term arises from graviton (transverse trace-
less tensor) fluctuations, the second term from the physi-
cal scalar in the metric in the approximation of neglected
mixing with other scalars, and the third accounts for the
non-minimal coupling to gravity for the scalar fluctuations.
The remaining parts reflect the contribution from gauge
couplings, Yukawa couplings and scalar mass terms and
self interactions.
The particle contributions result from the reduction of
effective particle numbers due to mass terms. For gauge
bosons with squared masses m2i = g
2
i ρ one has
∂ρ˜NV =
3
2
∑
i
∂ρ˜
1
1 + g2i ρ˜
= −3
2
∑
i
g2i
(1 + g2i ρ˜)
2
. (168)
For the standard model this results in a contribution
∂tξ
(g) = − 1
32pi2
(2g2w + g
2
z) = −
3
64pi2
(
g22 +
g21
5
)
, (169)
where we use g2w = g
2
2/2 = 2piα and g
2
z = g
2
2/2 + 3g
2
1/10.
For the top quark with m2t = h
2
tρ one has
∂ρ˜NF = 6∂ρ˜
1
1 + y2t ρ˜
= − 6y
2
t
(1 + y2t ρ˜)
2
, (170)
resulting in
∂tξ
(t) =
y2t
32pi2
. (171)
Finally, for the scalar fluctuations one has
∂ρ˜NS = ∂ρ˜
(
3
1 + m˜2
+
1
1 + m˜2 + 2ρ˜λ
)
= − 3λ
(1 + m˜)2
− 3λ
(1 + m˜2 + 2ρ˜λ)2
, (172)
and therefore
∂tξ
(s) =
λ
32pi2(1 + m˜)2
. (173)
The results (169), (171) and (173) for m˜2 = 0 and ρ˜ = 0
can also be obtained from one-loop perturbation theory.
We will neglect the scalar contribution (173) as com-
pared to the much larger top-quark contribution (171).
Furthermore, the physical scalar metric fluctuations con-
tribute for large negative v similar to the graviton fluctu-
ations with 25/128 replaced by −7/144. Neglecting w2 we
obtain the approximate flow equation for ξ0,
∂tξ0 =
19v1
128pi2(1− v)2 +
y2t
32pi2
− 9α
40pi
. (174)
With yt(10
18GeV) ≈ 0.38, y2t /(32pi2) ≈ 4.6 · 10−4,
9α/(40pi) ≈ 1.8 · 10−3, the gauge boson fluctuations tend
to induce for v1 = 0 a small positive ξ0 as k flows towards
the IR.
We further need the flow equation for v1
∂tv1 =
1
w
{
∂tm˜
2 − ξ0
2w
∂tu− v
2
∂tξ0 +
(
ξ0v
2w
− v1
)
∂tw
}
.
(175)
The flow of u and w at ρ˜ = 0 does not depend directly
on the gauge and Yukawa couplings. It vanishes for the
fixed point until the transition region near kt is reached.
We may neglect ∂tu and ∂tw in eq. (175), such that the
influence of the gauge and Yukawa couplings arises from
the flow of m˜2 and ξ0. We can employ
∂tm˜
2 = (A− 2)m˜2 − 1
2
Aξ0v
+
1
32pi2
(∂ρ˜NS + 2∂ρ˜NV − 2∂ρ˜NF )
≈ −2m˜2 +Awv1 + 3y
2
t
8pi2
− 9
64pi2
(
g22 +
g21
5
)
. (176)
The constant scaling solution has m˜2 = ξ0 = v1 = 0. If
we assume a bound for the effective contribution of gauge
and Yukawa couplings as
|v1| < 3c1y
2
t
8pi2w
, |ξ0| < y
2
t c2
32pi2
, (177)
we conclude that the contribution of flowing gauge and
Yukawa couplings to ∆λ is bounded by
|∆λ|g,h < 3c1c2y
4
t
256pi4w
, (178)
which is of the order of a few times c1c210
−6. Given that c1
and c2 are typically smaller than one due to cancellations
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between Yukawa and gauge couplings, and the flow of g2
and yt deviating substantially from zero only in vicinity
of kt, we conclude that the effect of the flowing gauge and
Yukawa couplings is too small for influencing the prediction
of the top quark mass.
For the flow away from the constant scaling solution of
the standard model coupled to gravity the dominant contri-
bution to ∆λ seems to arise from the particle fluctuations,
∆λ =
Cp
A
=
1
A
(
3y4t
4pi2
− 171α
2
50
)
= −βλ
A
. (179)
Typically, βλ(kt) is slightly positive, with details depending
on mt [77, 78]. With the unusually small value of A for the
standard model, 1/A ≈ 20, a value βλ ≈ 10−3 enhances the
central value of the prediction for the top quark mass by
around 1.5 GeV. This comparatively large effect is due to
the exceptionally small value of A for the standard model.
It remains, nevertheless, within the uncertainty quoted in
ref. [3]. If the theoretical uncertainties can be reduced be-
low this level, a precision measurement of the pole mass for
the top quark could distinguish between the asymptotically
safe standard model coupled to gravity with its small value
of A, and other models as grand unification which typically
have A of the order one or even larger. A dedicated solu-
tion of the combined set of flow equations in the threshold
region around kt, together with a matching to three-loop
running for k  kt, should improve our rough estimates in
this case.
For the standard model coupled to quantum gravity a
rather consistent picture emerges. The scaling solution is
the constant scaling solution. The ratio between Higgs bo-
son mass and top quark mass is predicted in the range
where it is observed. This prediction is rather robust even
for a rather extended truncation in the gravitational sec-
tor. Higgs inflation is unlikely to be realized. Inflation will
then require a scalar degree of freedom beyond the Higgs
doublet. This may either be an explicit additional sin-
glet field as the cosmon, or an effective scalar field arising
from terms ∼ R2 in the effective action which could realize
Starobinsky inflation.
8.9. Simultaneous prediction of top quark mass and
Higgs boson mass
Let us look at eq. (155) from a different perspective. For
a scaling solution the r. h. s. of eq. (155) has to vanish,
β
(p)
λ = Cg −Aλ. (180)
We can write this in the form
y4t −
114pi2
25
α2 =
4pi2A
3
X, (181)
with
X = λ−
(
ξ0 − 2w
1− v v1
)
v1 − vw2. (182)
If a scaling solution fixes X, or implies a bound limiting
X to sufficiently small values, the Yukawa coupling can be
related to the gauge coupling. This fixes the ratio between
the top quark mass and the mass of the W-boson. The
precise relation, taking into account the difference between
g1 and g2 and the running of all couplings, can easily be
worked out. The outcome is that for vanishing X the pre-
diction of mt agrees well with observation. If the properties
of the scaling solution imply a small enough X indepen-
dently of the precise value of λ, both mt/mW and mH/mt
are predicted simultaneously. The question we raise here
concerns possible restrictions on X that do no depend (or
only very mildly depend) on λ.
A first simple case concerns constant scaling solutions
which predict λ = 0, ξ0 = 0, v1 = 0, w2 = 0, X = 0.
It is an interesting question if a constant scaling solution
is possible also for non-zero fixed point values of gauge
and Yukawa couplings, g2∗ > 0, y
2
∗ > 0. This concerns
GUT-models [19] as well as the standard model if the hy-
percharge coupling g1 takes a value g1∗ 6= 0 [66–71]. If
such a fixed point exists, the contributions of particle fluc-
tuations to the scaling form of ∂ρ˜u∗(ρ˜) and ∂ρ˜w∗(ρ˜) have
to vanish. For the Higgs potential this implies that β
(p)
λ
in eqs. (155), (156) has to vanish, since a constant scaling
solution has λ∗ = 0, Cg = 0. As a direct consequence, the
Yukawa coupling of the top quark and therefore mt can
be predicted as a function of the gauge coupling. In this
case not only the ratio mh/mt, but mt and mH separately
are indeed predicted. The extrapolation of the running
Yukawa and gauge couplings to the vicinity of the Planck
mass yields indeed a very small value of βλ. For mt near
171 GeV both λ and βλ vanish in this region. Keeping in
mind small corrections from the flow away from the fixed
point the prediction agrees with the observation. For this
type of prediction it is actually sufficient that the scaling
solution is constant in the region near ρ˜ ≈ 1.
Such a scenario seems not to be compatible with a min-
imal standard model since the weak and strong gauge cou-
plings have to flow away from their vanishing fixed point
values substantially before kt is reached. (This concerns
either the flow with k or the flow with ρ˜.) It could be re-
alized in GUT-models however, where all gauge couplings
of the standard model take a common fixed point value
α ≈ 1/40. A realization of this scenario needs a truncation
beyond the present one. Within our truncation one has for
a constant scaling solution
∂u∗
∂ρ˜
= 0⇔ ∂ρ˜NV = ∂ρ˜NF (183)
and
∂w∗
∂ρ˜
= 0⇔ 4∂ρ˜NV = ∂ρ˜NF . (184)
This implies that ∂ρ˜NV and ∂ρ˜NF both have to vanish,
and therefore zero gauge and Yukawa couplings. In an ex-
tended truncation other couplings may contribute to ∂ρ˜w∗
and a constant scaling solution could become possible with
∂ρ˜NV 6= 0, ∂ρ˜NF 6= 0.
A possible criterion selecting for ρ˜ ≈ 1 local scaling
solutions u(ρ˜), w(ρ˜), which are very close to the con-
stant solution (i. e. both λ and X very small), could
29
be that a stronger dependence of the local scaling func-
tions on ρ˜ could lead to problems in the transition region
ρ˜t ≈ 1/(64pi2). In this case smooth global scaling solutions
would only be possible if g and y are related, thus leading
to the prediction of mt/mW .
9. Conclusions
An ultraviolet fixed point defines a consistent quantum
field theory for gravity coupled to particle physics. In this
asymptotic safety scenario not only a few couplings as the
dimensionless Planck mass or cosmological constant take
fixed values at the fixed point. Whole functions, as the
dimensionless effective potential u = U/k4, take a fixed
form as functions of dimensionless invariants formed from
scalar fields. Typical invariants are ρ˜ = χ2/(2k2) for a
singlet field χ or ρ˜ = h†h/k2 for the Higgs doublet h.
This fixed form is the scaling potential u∗(ρ˜) which does
not depend on k. Another important scaling function is
w∗(ρ˜) = F/(2k2), with F the field-dependent coefficient of
the curvature scalar in the effective action, corresponding
to a field- and scale-dependent squared Planck mass. A
fixed point is characterized by infinitely many such scal-
ing functions that constitute the scaling functional, corre-
sponding to a k-independent effective average action ex-
pressed in terms of dimensionless variables.
The fixed point is characterized by a powerful symmetry,
namely quantum scale symmetry. It is realized if the flow
generators or β-functions for whole functions vanish. The
differential equations corresponding to this condition may
be called the “scaling equations”. Solutions of these scal-
ing equations are the “scaling solutions”. The requirement
of existence of global scaling solutions for the whole range
of ρ˜ from zero to infinity imposes new, very strong con-
straints on the short distance behavior of a given model.
These conditions are conceptually similar to the condition
of renormalizability in quantum field theories in flat space.
Concerning whole functions, which correspond to infinitely
many couplings, the scaling conditions are stronger than
the usual conditions for renormalizability. They constrain
the allowed microscopic values of many renormalizable pa-
rameters and lead to an enhanced predictivity of a theory.
In short, they are the new consistency criteria for models
that remain valid to infinitely short distances and need no
further ultraviolet completion.
In this paper we have investigated the form of the scaling
potential u∗(ρ˜), together with w∗(ρ˜). We also discuss the
flow of u(ρˆ) and w(ρ˜) away from the ultraviolet fixed point.
In the vicinity of the fixed point one can linearize the flow of
small deviations of couplings from their fixed point values,
encoded in δu(ρ˜) = u(ρ˜)−u∗(ρ˜) and δw(ρ˜) = w(ρ˜)−w∗(ρ˜).
A few relevant parameters, that describe deviations that
increase for the flow away from the fixed point towards
the infrared, determine all observable quantities of a given
model. If there are less relevant parameters as compared
to the number of renormalizable couplings in the standard
model, relations between the standard model couplings be-
come predictable.
Due to the presence of relevant parameters, the observ-
able effective potential U(ρ) = k4u(ρ/k2) for k → 0, evalu-
ated in units of the Planck mass, U/F 2 = u/(4w2), differs
from the scaling potential u∗/(4w2∗). Nevertheless the scal-
ing form determines many properties of the observable ef-
fective potential in the Einstein frame, VE = M¯
4U/F 2, for
k → 0. The scaling form is the boundary value or ”initial
value” of the flow for k → ∞. For example, it determines
the UV-value of all quartic scalar couplings in GUT-models
which therefore become predictable for a given model [79].
We find that there is actually no need for deviations from
the scaling potential. Certain scaling solutions may be
compatible with observation.
A particular scaling solution is the constant scaling solu-
tion for which u∗(ρ˜) and w∗(ρ˜) are independent of ρ˜, while
gauge and Yukawa couplings vanish. This constant scal-
ing solution is the simplest extension of the Gaussian fixed
point in particle physics, for which all particles are massless
free particles, to quantum gravity where the gravitational
couplings do not vanish. If there is a unique constant scal-
ing solution it corresponds to the extended Reuter fixed
point [4]. For a truncation with two scale dependent func-
tions u(ρ˜; k), w(ρ˜; k) this fixed point has been studied in
detail for many particle physics models in ref. [8].
In the present paper we ask if there could be other fixed
points distinct from the extended Reuter fixed point with
constant scaling solutions. Non-trivial scaling functions
u∗(ρ˜), w∗(ρ˜) may be induced by non-vanishing gauge or
Yukawa couplings. In our truncation with two functions
u(ρ˜) and w(ρ˜), plus constant gauge couplings g and Yukawa
couplings y, any nonzero g or y necessarily induces a non-
trivial ρ˜-dependence of u∗(ρ˜) and w∗(ρ˜). Thus any fixed
point that is not asymptotically free (g∗ = y∗ = 0) in the
particle sector leads to nonzero ∂ρ˜u∗(ρ˜) and ∂ρ˜w∗(ρ˜) in this
truncation.
Even if the fixed point is the extended Reuter fixed point,
the flow away from the fixed point will involve nonzero g
and y. If the flow of g and y is slow, the flowing functions
u(ρ˜) and w(ρ˜) will still be characterized by partial fixed
points that a close to the scaling functions for nonzero con-
stant g and y. Understanding the ρ˜-dependence of possible
scaling functions or approximate scaling functions for non-
vanishing particle couplings is crucial for a connection to
the observable quantities for k → 0.
One possibility that we have not yet investigated in the
present paper is a field-dependence of gauge and Yukawa
couplings, e. g. replacing constant g and y by functions
g(ρ˜) and y(ρ˜). A dependence on the dimensionless com-
bination ρ˜ is consistent with a scaling solution and does
not introduce any intrinsic mass or length scale. For an
interesting scenario a scaling solution may approach for
ρ˜ → 0 the Reuter fixed point of a constant scaling solu-
tion with g(ρ˜ = 0) = 0, y(ρ˜ = 0) = 0. In contrast, for
large ρ˜ a different scaling behavior may be approached,
with g(ρ˜ → ∞) = g∗ 6= 0, y(ρ˜ → ∞) = y∗ 6= 0. For the
flow with k it has been observed that certain GUT-models
admit two fixed points with g = 0 and g = g∗, flowing from
the first to the second as k decreases [19, 79]. This is ex-
pected to translate to the ρ˜-flow for scaling solutions, with
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decreasing k corresponding to increasing ρ˜. The values of
gauge and Yukawa couplings near the Planck scale corre-
spond to g∗ and y∗ in models where w(ρ˜ → ∞) = ξ∞ρ˜/2.
They will be predicted for a given particle content of a
model with nonzero g∗ and y∗. We expect that many fea-
tures of the scaling solutions with constant g and y carry
over to the scenario with field dependent g(ρ˜) and y(ρ˜).
A complete answer to the question of the possible shapes
of u(ρ˜) and w(ρ˜) in the presence of gauge and Yukawa
couplings is rather complex. At the present stage of the
investigation we find several important general features of
candidate scaling functions u∗(ρ˜), w∗(ρ˜) which have a non-
trivial ρ˜-dependence:
1. The scaling functions u∗(ρ˜) and w∗(ρ˜) do not have a
polynomial form.
2. The scaling potential u∗(ρ˜) is often characterized by
a crossover between a constant u0 for ρ˜→ 0 to a different
constant u∞, for ρ˜→∞.
3. A negative quartic coupling λ = ∂2u/∂ρ˜2 at ρ˜ = 0 is
no sign of instability. It only characterizes the Taylor ex-
pansion around ρ˜ = 0, which does not describe the overall
potential if the scaling potential does not have a polyno-
mial form. An example is the crossover of a potential with
a minimum at ρ˜ = 0 and m˜20 = ∂u/∂ρ˜ at ρ˜ = 0 being pos-
itive, to a constant value u∞ > u0 for ρ˜→∞. A negative
value of λ only implies that m˜2(ρ˜) decreases for increasing
ρ˜, which is typical for a crossover.
4. It is possible that families of scaling solutions exist,
characterized by one or even several continuous param-
eters. This would be in contrast to a single UV- fixed
point or a discrete set of such fixed points. We have found
candidates for one-parameter families of crossover scaling
solutions within our truncation. The present numerical ap-
proximation to the flow equations for u and w is, however,
not sufficient for the clarification if all candidates are really
overall solutions of the corresponding system of differential
equations for the scaling functions. Furthermore, it is not
guaranteed that all members of such families ”survive” ex-
tended truncations. This is demonstrated by a family of
crossover solutions for u∗(ρ˜) obtained at constant w (trun-
cation 1), for which only particular members solve the com-
bined system of differential equations for u∗(ρ˜) and w∗(ρ˜)
(truncation 2).
5. Non-vanishing gauge couplings g2 > 0 have the ten-
dency to create a minimum of u∗(ρ˜) at ρ˜0 6= 0. This im-
plies spontaneous symmetry breaking for the scaling solu-
tion. This tendency dominates if the non-minimal scalar-
curvature coupling ξ is small enough. This observation is
relevant for GUT-models where certain scalar fields cou-
ple to the gauge bosons while no Yukawa couplings to the
fermions are allowed. In particular, for a fixed point with
g2∗ > 0 [19, 79] this could account for partial symmetry
breaking of the GUT-symmetry close to the Planck mass.
6. Non-zero Yukawa couplings y2 > 0 have the opposite
tendency of generating a minimum of u∗(ρ˜) at ρ˜ = 0. The
competition between gauge and Yukawa couplings is rele-
vant both for the standard model and GUT-models.
7. A non-minimal scalar-curvature coupling ξ > 0 favors
a minimum of u∗(ρ˜) at ρ˜ = 0 or at ρ˜ → ∞, depending on
the particle content, cf. Figs. 13, 16, 19.
8. All scaling solutions or candidate scaling solutions that
we have found so far for non-vanishing matter couplings
lead in the Einstein frame to an effective scalar poten-
tial that vanishes precisely for large field values. This
amounts to a dynamical solution of the cosmological con-
stant problem via “runaway solutions” of the cosmolog-
ical field equations for which scalar fields increase with-
out bounds towards the infinite future. In particular,
we have found candidate scaling potentials with constant
asymptotic behavior, u∗(ρ˜ → ∞) = u∞. Together with
w∗(ρ˜ → ∞) = ξ∞ρ˜/2, this implies for the potential in the
Einstein frame
VE(ρ˜→∞)
M¯4
=
u∞
ξ2∞ρ˜2
=
u∞k4
ξ2∞ρ2
. (185)
Standard normalization of the scalar kinetic term in the
Einstein frame replaces k4/ρ2 → exp(−αϕ/M¯).
9. A dynamical solution of the cosmological constant
problem by the decrease of VE to zero for ρ → ∞ within
a “runaway cosmology” leads to dynamical dark energy or
quintessence [15].
The runaway solution for the cosmological constant prob-
lem is a rather generic feature of scaling solutions, involving
only that for ρ˜ → ∞ the coefficient w2∗(ρ˜) increases faster
than u∗(ρ˜). We have not investigated here another pos-
sible asymptotic behavior allowed by the graviton barrier
[6], namely u(ρ˜→∞) ∼ ρ˜, v(ρ˜→∞) = u(ρ˜→∞)/w(ρ˜→
∞) ≤ 1. We refer to ref. [6, 16] for a detailed discussion.
Again, VE vanishes for ρ→∞.
Already at the present stage of the investigation it is ap-
parent that the understanding of the scaling form of the
effective potential has important consequences for particle
physics and cosmology. The effective potential is the cen-
tral ingredient for the phenomenon of spontaneous sym-
metry breaking as well as for inflation and dynamical dark
energy. We highlight here three important consequences
for the standard model coupled to quantum gravity:
1. For a minimal model of the standard model coupled
to quantum gravity the non-minimal Higgs-curvature cou-
pling has to be small, ξ∞ < 10−4. Higgs inflation with a
large coupling ξ∞ > 1, as usually assumed, is not possible.
The scaling potential u∗(ρ˜) and associated Einstein frame
potential VE(h
†h) does not allow for Higgs inflation. A
positive VE for large h
†h could only be generated by the
flow away from the scaling solution. Higgs inflation with
small ξ∞ [11] may not seem likely, but a detailed study of
the flow away from the fixed point is necessary in order to
settle this question. The minimal model may still permit
Starobinsky inflation [75] if the coefficient of the squared
curvature scalar R2 in the effective action is large enough.
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2. The ratio between the Higgs scalar mass mH and the
top quark mass mt can be predicted [3]. The investiga-
tions of the present paper provide further evidence for the
robustness and precision of this successful prediction. For
the extended Reuter fixed point with constant scaling solu-
tion the flow away from the fixed point affects the predic-
tion of mH/mt only very mildly. The non-minimal Higgs-
curvature coupling ξ generated by the flow due to non-zero
gauge and Yukawa couplings is too small to affect the pre-
dicted value. Possible crossover scaling solutions , if estab-
lished, could lead to somewhat larger ξ. In the parameter
region where such crossover solutions are reasonable can-
didates for scaling solutions the small value of ξ seems to
have only a small effect on the ratio mH/mt. These find-
ings reduce possible errors for the prediction arising from
uncertainties in the physics near the Planck scale. With
future possible precision measurements of the pole mass
for the top quark it will become important to settle even
the size of small effects for the predicted value mH/mt.
3. Certain models could lead to a simultaneous predic-
tion of the two ratios mH/mt and mt/mW . This could
be realized for scaling solutions for which both gauge and
Yukawa couplings take non-zero values. The conditions
for the existence of global scaling solutions may be strong
enough to enforce for ρ˜ ≈ 1 both u(ρ˜) and w(ρ˜) to be very
close to the constant scaling solution. In this case the ratio
of the top quark mass to the W-boson mass would be an
independent prediction.
Concerning cosmology, our approach offers new perspec-
tives for the understanding of the very early and present
epochs, and their possible connection. Typical cosmologi-
cal solutions of the field equations derived from the effec-
tive action show a crossover between the region near the
ultraviolet fixed point in the past, and the infrared region
in the future [14]. This is realized by the cosmic evolution
of scalar fields, which is associated to an increase of the
dimensionless ration ρ˜ = χ2/(2k2) from zero in the past to
infinity in the future. The effective scalar potential u(ρ˜),
or the associated potential in the Einstein frame VE(χ), is
the key quantity for the understanding of the cosmic evo-
lution. The present work computes the scaling form u∗(ρ˜)
of this effective potential for arbitrary ρ˜. This connects the
region of small ρ˜ for very early cosmology to the region of
large ρ˜ for the present cosmology.
The inflationary epoch in very early cosmology is re-
lated to the limit ρ˜ → 0. For fixed χ this corresponds
to the ultraviolet limit k → ∞. We find that for ρ˜ → 0
both u(ρ˜) and w(ρ˜) typically approach constant values u0
and w0. The indirect dependence on the scale k through
the dependence on ρ˜ disappears, expressing the ultraviolet
fixed point behavior. Inflation corresponds to the vicin-
ity of this fixed point, which is the origin of the almost
scale invariant primordial fluctuation spectrum [11]. The
potential in the Einstein frame approaches a constant for
ρ˜ → 0, VE → M¯4u0/(4w20). In the vicinity of the fixed
point for small ρ˜ the potential VE is almost flat, leading
to slow roll inflation. In contrast to the usual approach of
simply assuming a form of the potential, the present work
computes the form of the effective potential as a result of
the fluctuation effects in quantum gravity.
The present cosmological epoch is dominated by dark
energy. Its dynamics is determined by the effective scalar
potential for large ρ˜. For fixed χ this corresponds to the
infrared limit k → 0. All scaling solutions found so far
lead for χ→∞ to a potential in the Einstein frame which
decreases to zero. No tuning of parameters is necessary for
this property. This behavior of VE(χ) solves the cosmolog-
ical constant problem asymptotically, since VE vanishes in
the infinite future for χ(t → ∞) → ∞. At present, the
Universe is old, but not infinitely old. The potential VE
has not yet reached zero and constitutes the dark energy
density of the Universe. The detailed dynamics of dark
energy will become accessible once in addition to u(ρ˜) and
w(ρ˜) also the ρ˜-dependent coefficient of the scalar kinetic
term is computed.
On the conceptual side an important finding of the
present work is the observation that there is no need for a
flow away from the scaling solution in order to obtain agree-
ment with observations. For functions depending only on
dimensionless ratios as ρ˜ the limit k → 0 can equivalently
be obtained by χ → ∞. For all χ 6= 0 scale symmetry is
spontaneously broken, resulting in massive particles. For
scaling solutions describing a crossover between an ultra-
violet and an infrared fixpoint a given model has only to
specify which value of ρ˜ corresponds to the present cosmo-
logical time.
One may entertain the hypothesis that our world is pre-
cisely described by a scaling solution. No parameter with
dimension of length or mass enters the effective action in
this case – quantum scale symmetry becomes exact. As
a consequence, the relevant parameters for the flow away
from the scaling solution play no role. This scenario is very
predictive, since relevant parameters are no longer available
as undetermined quantities. They are all set to zero. If the
scaling solution is unique, this scenario contains no free di-
mensionless parameters. Free parameters are only possible
if families of scaling solutions exist.
The present investigation of a fixed point with non-
constant scaling functions and/or non-zero gauge and
Yukawa couplings leaves many questions open. Already
now it shows that simple extrapolations of perturbative
features, as approximately polynomial potentials, to the
quantum gravity regime are not correct. It will be neces-
sary to gain further understanding and intuition for central
quantities as the effective potential in the quantum gravity
regime. Features that seem ”unnatural” from a perturba-
tive point of view, as the gauge hierarchy or the tiny value
of dark energy, may find explanations in the genuinely non-
perturbative setting of quantum gravity.
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Appendices
A. General scaling solutions for matter
freedom
In this appendix we investigate general properties of
scaling solutions for matter freedom. We start by solv-
ing eq. (33) in the vicinity of the constant scaling solution.
We consider here for the constant solution the vicinity of
ρ˜ = 0, such that A corresponds to A0, as given by eq. (35)
for the values v0, w0 of the constant scaling solution. The
general solution of eq. (33) reads
∆u(ρ˜) = c0ρ˜
4−A0
2 , (186)
involving c0 as a free integration constant. For all A0 < 4
the general scaling solution indeed obeys ∆u(ρ˜→ 0)→ 0,
such that u(ρ˜ → 0) → u0. The quartic coupling, defined
by
λ(ρ˜) =
∂2u
∂ρ˜2
, (187)
diverges, however, for c0 6= 0 according to
λ = c0
(
2− A0
2
)(
1− A0
2
)
ρ˜−A0 . (188)
This holds except for the special case A0 = 2. For a diverg-
ing λ our approximation of neglecting the quartic scalar
coupling and mass term, which leads to constant bU in
eq. (25), no longer holds. The dimensionless scalar mass
term
m˜2 =
∂u
∂ρ˜
(189)
behaves for ρ˜→ 0 as
m˜2 = c0
(
2− A0
2
)
ρ˜1−
A0
2 . (190)
For c0 6= 0 it diverges for A0 > 2, and vanishes for A0 < 2.
In appendix B.2 we include effects of nonzero m˜2 and λ
in the flow equations. This cures the divergence of λ˜ (and
possibly m˜2) for ρ˜→ 0.
There is a particular situation for which the whole
crossover can be described within the validity of the matter
freedom approximation. In our truncation this occurs for
the choice w0 = w
(2)
0 for which A(w
(2)
0 ) = 2. Then
∆u = c0ρ˜ (191)
leads for ρ˜→ 0 to m˜20 = c0 and λ0 = 0. For small c0 matter
freedom remains valid for arbitrarily small ρ˜.
There is a critical value wc for which the two constant so-
lutions with v+ and v− merge. For N > −4 it corresponds
to the minimum of the curves in Fig. 1. For the approxi-
mation (28) this happens if the square root vanishes
(1− (N0 − 4) zc)2 = 32zc . (192)
For an appropriate range of w0 the generic flow equation
(23) has for ρ˜-independent u two fixed points where βu =
0. They merge at the critical wc for which ∂βu/∂u and
βu vanish simultaneously. At this merging point one has
∂cU/∂u = 4 and therefore
A(wc) = 4 . (193)
This can be seen in Fig. 4. At vc = v(wc) one finds indeed
A(vc) = 4.
For w < wc no fixed point remains. For w > wc the
solution v+ has A > 4, while for the solution v− one finds
A < 4. This follows directly from the monotonic behavior
of A(v). From eq. (186) we conclude that the fixed point
v− is attractive for ρ˜→ 0, while v+ is repulsive.
Consider next the behavior of the scaling solution for
ρ˜→∞. For a valid scaling solution one needs v(ρ˜) < 1 for
all ρ˜, since the pole of βu for v = 1 should not be crossed.
Also negative v cannot diverge for ρ˜→∞ – such a behavior
would lead to an unbounded effective potential which is not
compatible with a stable theory. For all scaling solutions
one requires a finite constant v∞
lim
ρ˜→∞
v(ρ˜) = v∞ . (194)
In turn, this enforces
lim
ρ˜→∞
(
ρ˜
∂v
∂ρ˜
)
= 0 , (195)
since otherwise v(ρ˜) would diverge for ρ˜ → ∞. With
eq. (195) the computation of v∞ is the same as for v0,
with possible solutions v+ and v− given by eq. (28). Also
the discussion of solutions that approach u∞ for ρ˜→∞ re-
mains unchanged, with A0 and c0 in eq. (186) replaced by
A∞ and c∞. The constant u∞ is approached by neighbor-
ing solutions for ρ˜→∞ if A∞ > 4. While v− is attractive
for ρ˜ → 0, v+ is attractive for ρ˜ → ∞. Taking things to-
gether, the general scaling solution for matter freedom is
a crossover from the fixed point v− for ρ˜ → 0 to the fixed
point v+ for ρ˜→∞.
B. Scalar mass term and quartic coupling
The crossover solution for matter freedom discussed in
sect. 3 is not self-consistent except for A0 = 2. The approx-
imation to the scalar fluctuation contribution p˜is, which ne-
glects in eq. (15) the scalar mass term m˜2, breaks down for
ρ˜ → 0. For A0 > 2 the mass term diverges for ρ˜ → 0,
cf. eq. (190). On the other hand, for A0 < 2 the potential
according to matter domination decreases faster than ρ˜ for
ρ˜ → 0. In this case the role of a neglected non-zero mass
term would dominate. Furthermore, according to eq. (188)
both ρ˜ ∂λ/∂ρ˜ and λ would diverge for ρ˜→ 0. We conclude
that in the region ρ˜→ 0 matter freedom or the approxima-
tion of the flow contribution from scalars by a constant is
no longer valid. We can no longer neglect m˜2A in eq. (15).
Taking the effects of m˜2 6= 0 into account will lead to cor-
rections for a small range of ρ˜ near zero. In this appendix
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we will keep the approximation of constant w(ρ˜) = w0 and
vanishing gauge and Yukawa couplings. We include now on
the r. h. s. of the flow equation the effects of ρ˜-derivatives
of u(ρ˜).
B.1. Flow equation
Let us consider a single real scalar field with discrete
symmetry φ → −φ and ρ = φ2/2. Neglecting in eqs. (15),
(18) the anomalous dimension, ηA = 0, it contributes to
the flow of u by a term
(∂tu)s =
1
32pi2
(
1 + m˜2 + 2ρ˜λ
)−1
. (196)
Here we employ for the squared scalar mass term
m˜A(ρ˜) =
∂u
∂ρ˜
+ 2ρ˜
∂2u
∂ρ˜2
= m˜2(ρ) + 2ρ˜λ(ρ˜) . (197)
The difference between the expression (196) and the value
for m˜2 = 0, λ = 0, which is already incorporated in bU,
yields to the flow equation for u an additional contribution
∆s∂tu =
∆pis
k4
= 4cU,s =
1
32pi2
[
1
1 + m˜2 + 2ρ˜λ
− 1
]
= − 1
32pi2
m˜2 + 2ρ˜λ
1 + m˜2 + 2ρ˜λ
. (198)
The particular fixed point solution u(ρ˜) = u0 = v−w cor-
responds to m˜2 = 0, λ = 0. It is not changed by the ad-
ditional term (198). While the particular constant scaling
solutions remain valid in the presence of ∆pis, this does not
hold for the generic crossover scaling solutions for matter
freedom. For the latter ∆pis will induce substantial correc-
tions for ρ˜-derivatives of u in the region of small ρ˜.
The correction to the flow of the mass term is given by
the ρ˜-derivative of eq. (198). Combining with eq. (38) one
has
∂tm˜
2 = (A− 2)m˜2 + 2ρ˜λ− 3λ+ 2ρ˜ ∂λ/∂ρ˜
32pi2 (1 + m˜2 + 2ρ˜λ)
2 . (199)
Possible scaling solutions for m˜2 obtain if the r.h.s. of
eq. (199) vanishes. With λ = ∂m˜2/∂ρ˜ this condition
amounts to a differential equation involving up to two ρ˜-
derivatives of m˜2.
In the presence of ∆pis the structure of the differential
equation for the scaling solutions for u gets more compli-
cated since it involves up to two ρ˜-derivatives of u. Denot-
ing by u′ = ∂ρ˜u, u′′ = ∂2ρ˜u the scaling solutions have to
obey the differential equation
2ρ˜u′ = 4u− 1
24pi2
(
5
1− u/w +
1
1− u/4w
)
− N − 5
32pi2
− 1
32pi2 (1 + u′ + 2ρ˜u′′)
. (200)
For constant w = w0 this is a nonlinear second order dif-
ferential equation. The general solution involves two free
integration constants, say u(ρ˜0) and u
′(ρ˜0) at some suitably
chosen ρ˜0. The question is which one of the local solutions
remains valid for the whole range of ρ˜ without encounter-
ing a singularity. Finding the valid scaling solutions is not
a simple task since the generic local solutions become sin-
gular at some ρ˜. The two constant scaling solutions are
regular solutions of eq. (200) for the whole range of ρ˜. One
would like to know if a one-parameter family of regular so-
lutions can be found that replaces the one-parameter fam-
ily of crossover solutions for the approximation of matter
freedom.
A similar question arises for extensions to nonvanishing
gauge couplings, Yukawa couplings or nonminimal scalar-
gravity couplings that we will discuss in the following sec-
tions. Omitting ∆pis we will find one-parameter families
of scaling solutions, similar to the crossover scaling solu-
tions for matter freedom. Again the question will arise if
a one-parameter family of regular solutions persists in the
presence of ∆pis. It is therefore worthwhile to discuss this
question in some detail.
At this point we should emphasize that even for the exis-
tence of a one-parameter family of regular scaling solutions
for u(ρ˜) for a given w(ρ˜), there is no guarantee that full
quantum gravity admits a one-parameter family of scaling
solutions. It is possible that the flow equations of w(ρ˜) (and
other invariants not considered here) are compatible only
with a subclass of the regular scaling solutions for u(ρ˜). It
is well conceivable that the fixed point for quantum grav-
ity only admits a single solution. The present investigation
should therefore be seen as an exploration of possibilities
rather than a definite determination of the scaling solution.
On the other hand, any overall scaling solution of quantum
gravity has to result in a regular scaling solution for u(ρ˜)
for all other couplings taking their values for the scaling so-
lution. The general properties of u(ρ˜) found in this paper
therefore apply to any overall scaling solution for quantum
gravity.
B.2. Scaling solution near the origin
If ρ˜ ∂λ/∂ρ˜ vanishes for ρ˜ → 0, e.g. for finite λ(ρ˜ = 0),
the fixed point value of the mass term at ρ˜ = 0, m˜20 =
m˜2(ρ˜ = 0), obeys for A0 6= 2
m˜20 =
3λ0
32pi2 (A0 − 2) (1 + m˜20)
. (201)
It vanishes only for λ0 = λ(ρ˜ = 0) = 0. We may use m˜
2
0
as a parameter to characterize a possible family of scaling
solutions. For a given m˜20 the quartic coupling λ0 is fixed
and computable. This continues to higher order couplings.
The scaling solution for λ0 fixes ∂λ/∂ρ(ρ˜ = 0) and so on.
The particular solution m˜20 = 0 is the flat scaling solution.
For a non-zero scalar mass term the approach of a gen-
eral scaling solution to u(ρ˜ = 0) = u0 gets an additional
contribution, modifying eq. (33) to
2ρ˜
∂∆u
∂ρ˜
= (4−A)∆u− 4 cU,s . (202)
Let us consider the vicinity of the constant scaling solution.
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Employing
m˜2 =
∂∆u
∂ρ˜
, (203)
we may linearize in m˜2 and λ(
2ρ˜− 1
32pi2
)
∂∆u
∂ρ˜
= (4−A)∆u+ λρ˜
16pi2
. (204)
We first consider the limit ρ˜→ 0 where we neglect the last
term ∼ λρ˜ in eq. (204). The solution,
∆u = c˜0
(
1
64pi2
− ρ˜
)2−A02
, (205)
deviates substantially from eq. (186) in the range of small
ρ˜. Derivatives no longer diverge. For ρ˜→ 0 one finds finite
m˜2,
m˜2 = −c˜0
(
2− A0
2
)(
1
64pi2
− ρ˜
)1−A02
. (206)
The constant c˜0 is related to m˜
2
0 = m˜
2(ρ˜ = 0) in eq. (201)
in the limit of small m˜20.
For higher derivatives we have to take the term ∼ λρ˜ in
eq. (204) into account. We make the ansatz
λ
32pi2
= fm˜2 . (207)
The resulting differential equation(
ρ˜ (1− f)− 1
64pi2
)
∂∆u
∂ρ˜
=
(
2− A0
2
)
∆u (208)
has the solution
∆u = c0
(
1
64pi2
− (1− f)ρ˜
) 4−A0
2(1−f)
. (209)
Identification with eq. (205) for ρ˜ = 0 relates c0 and c˜0
c0 = c˜0
(
1
64pi2
)− f(4−A0)
2(1−f)
. (210)
Taking a derivative of eq. (209),
m˜2 =
∂∆u
∂ρ˜
= −c0 4−A0
2
(
1
64pi2
− (1− f)ρ˜
) 4−A0
2(1−f)−1
,
(211)
one observes that m˜2(ρ˜ = 0) indeed coincides with the
value (206). Taking a further ρ˜-derivative of eq. (211) and
evaluating it at ρ˜ = 0, one finds for ρ˜→ 0 the relation
λ
m˜2
= 32pi2 (A0 − 2− 2f) . (212)
Comparison with eq. (207) leads to a self-consistent de-
termination of f ,
f =
A0 − 2
3
. (213)
This corresponds to eq. (201) for small m˜2. We infer for
the limiting behavior of u for ρ˜→ 0, u0 = v−w
u(ρ˜→ 0) = u0 + c0
(
1
64pi2
− 5−A0
3
ρ˜
)α
(214)
with
α =
3 (4−A0)
2 (5−A0) . (215)
We conclude that for ρ˜ → 0 the inclusion of the correc-
tion term ∆pis cures the divergence of derivatives of the
crossover scaling solution. We will next establish that the
fixed point solution is now compatible with the flow of cou-
plings at fixed ρ˜.
B.3. Relevant and irrelevant couplings
For the flow of m˜2 and λ away from the fixed point we
employ the ρ˜-derivative of eq. (198)
∂tm˜
2 = (A− 2) m˜2 + 2ρ˜λ− 3λ+ 2ρ˜ u
(3)
32pi2 (1 + m˜2 + 2ρ˜λ)
2 , (216)
with
u(3)(ρ˜) =
∂λ(ρ˜)
∂ρ˜
. (217)
For ρ˜→ 0 we take advantage of the finiteness of m˜2, λ and
u(3) and evaluate the flow of m˜20 = m˜
2(ρ˜ = 0), λ0 = λ(ρ˜ =
0),
∂tm˜
2
0 = (A0 − 2) m˜20 −
3λ0
32pi2 (1 +m20)
2 . (218)
For the fixed point we find the relation
λ0,∗ =
32pi2 (A0 − 2)
3
m˜20,∗
(
1 + m˜20,∗
)2
. (219)
Linearizing for small λ and m˜2 this fixed point for the ratio
λ/m˜2 is indeed consistent with eqs. (207), (211). Taking a
ρ˜-derivative of eq. (216) and evaluating it at ρ˜ = 0 yields
u
(3)
0,∗ in terms of m˜
2
0,∗ and λ0,∗.
Deviations from m˜20 from the fixed point value m˜
2
0,∗ are
denoted by
γ = m˜20 − m˜20,∗ . (220)
For small γ the flow equations read,
∂tγ = (A0 − 2) γ + 3λ0,∗γ
32pi2
(
1 + m˜20,∗
)2
− 3 δλ
32pi2
(
1 + m˜20,∗
)2 + m˜20,∗w0 ∂A∂v δu , (221)
with
δλ = λ0 − λ0,∗ , δu = u0 − u0,∗ . (222)
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Neglecting first δλ and δu, the insertion of eq. (219) yields
∂tγ = (A0 − 2)
(
1 +
m˜20,∗(
1 + m˜20,∗
)2
)
γ = −θγγ . (223)
For a second order phase transition the flow of γ must
vanish for γ = 0 [80–86]. This ensures naturalness of very
small γ due to the enhanced quantum scale symmetry for
γ = 0. This generalizes to more complex settings. The
vacuum electroweak phase transition is almost of second
order.
For A0 < 2 the deviation from the scaling solution γ is
a relevant parameter. The critical exponent θγ is positive.
For constant θγ the flow of γ obeys
γ = γΛ
(
k
Λ
)−θγ
. (224)
The initial value γΛ = γ(k = Λ) specified at some arbitrary
chosen scale Λ determines the particular flow trajectory.
Restoring dimensions the renormalized scalar mass term
at ρ = 0 behaves as
m2(k) = m˜20,∗k
2 + γΛΛ
θγk2−θγ . (225)
For γΛ > 0 the mass term is positive for all k. The origin
ρ = 0 is a local minimum of the effective potential. The
model is typically in the “symmetric phase” with unbroken
Z2 symmetry φ → −φ. In contrast, for γΛ < 0 the mass
term turns negative for k smaller than some critical kc
kc = Λ
(
− γΛ
m˜20,∗
) 1
θγ
. (226)
The origin at ρ = 0 becomes a local maximum for small
enough k. This indicates a minimum of U for ρ = ρ0 > 0,
and therefore a spontaneous breaking of the Z2-symmetry.
The phase transition at the boundary between the sym-
metric phase and the phase with spontaneous symmetry
breaking is given by γΛ = 0. This is the scaling solution.
The existence of a scaling solution is a general feature of a
second order phase transition.
We observe that the critical trajectory γΛ = 0 is never
crossed by any flow trajectory. This generalizes to the crit-
ical surface of a second order phase transition. It follows
generally from the existence of a scaling solution and con-
tinuity. For the scaling solution, corresponding to the crit-
ical surface, the flow vanishes. For neighboring solutions
the flow is very small by continuity, as exemplified by the
flow of m˜20 in the region where γ remains small. Since the
flow becomes arbitrarily slow if the scaling solution is ap-
proached arbitrarily close by, no flow trajectory can cross
the critical surface.
For θγ < 0, typically requiring A0 > 2, the deviation
γ from the critical surface becomes an irrelevant param-
eter. One observes self-tuned criticality. For the elec-
troweak phase transition this can explain the gauge hier-
archy [87, 88].
These general statements apply to the flow according to
eq. (221) for nonvanishing δu and δλ as well. The critical
surface is now a two-dimensional hypersurface in the three-
dimensional space of couplings u0, m˜
2
0, λ0. On the critical
surface the couplings follow scaling solutions u0,∗, m˜20,∗,
λ0,∗ . Deviations from the scaling solution may be denoted
by αi = (δu, γ, δλ). For the scaling solution the flow of δu,
γ and δλ vanishes. Critical exponents are the eigenvalues
of the stability matrix T which characterizes the linearized
flow in the vicinity of the scaling solution
∂tαi = −Tijαj . (227)
For a computation of the stability matrix we need the
flow of δu and δλ. For δu one finds from eqs. (23), (196)
∂tδu = (A−4)δu+2ρ˜γ− 1
32pi2
(
1 + m˜2 + 2ρ˜λ
)−2
(γ+2ρ˜δλ) .
(228)
For the flow of the quartic coupling we first take a ρ˜-
derivative of eq. (216)
∂tλ = Aλ+ 2ρ˜u
(3) +
1
w
∂A
∂v
m˜4 +
1
16pi2
(
3λ+ 2ρ˜u(3)
)2
(1 + m˜2 + 2ρ˜λ)
3
− 1
32pi2
5u(3) + 2ρ˜u(4)
(1 + m˜2 + 2ρ˜λ)
2 . (229)
Neglecting u(3) and u(4) the linearized flow equation for δλ
becomes
∂tδλ = Aδλ+
1
w
∂A
∂v
(
λ∗δu+ 2m˜2∗γ
)
+
1
w2
∂2A
∂v2
m˜4∗δu+
9λ∗δλ
8pi2 (1 + m˜2∗ + 2ρ˜λ∗)
3
− 27λ∗(γ + 2ρ˜δλ)
16pi2 (1 + m˜2∗ + 2ρ˜λ∗)
4 . (230)
The stability matrix for ρ˜ = 0 reads
− T =
 A− 4 −d 0Bm˜2∗ A− 2 + 3dλ∗ −3d
Bλ∗ + Cm˜4∗ 2Bm˜
2
∗ − 54dλ
2
∗
(1+m˜2∗)
2 A+
36dλ∗
1+m˜2∗
 ,
(231)
with
B =
1
w
∂A
∂v
, C =
1
w2
∂2A
∂v2
, d =
1
32pi2 (1 + m˜2∗)
2 .
(232)
For A of the order one and 3d smaller than 0.01 the off-
diagonal elements in the upper right corner are small. For
d = 0 the eigenvalues of T are given by the diagonal el-
ements. Also for small m˜2∗, λ∗ the off-diagonal elements
in the lower left corner are all small. Neglecting them,
the eigenvalues are given by the diagonal elements even for
d 6= 0. We conclude that to a very good approximation the
critical exponents are given by the diagonal elements of T .
Since A0 < 4, there is always one relevant coupling, which
is dominantly given by δu. A second coupling, dominantly
γ, occurs for A0 < 2− 3d λ∗. This coupling becomes irrel-
evant for A0 > 2 − 3d λ∗. The third coupling, dominantly
δλ, is irrelevant.
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If we keep also ∆u(3) etc., the flow for a finite number
of couplings will not be closed. In principle, the number
of couplings is infinite, such that the stability matrix T is
infinite dimensional. The almost diagonal structure of T
continues if we extend it to higher order couplings. The
critical exponent for δu(3) is approximately A + 2, while
for ∆u(4) it amounts to A+ 4. Higher order couplings are
all irrelevant parameters. In the absence of off-diagonal el-
ements they would be predicted to take exactly the values
for the scaling solution. In the presence of the off-diagonal
elements the values of δλ, δu(3) etc. remain predictable as
a function of the relevant couplings that we may parame-
terize by δu (and γ if this is also relevant).
The flow away from the critical surface is determined
by the relevant couplings. These are linear combinations
of αi that are eigenvectors to positive eigenvalues of T .
The irrelevant couplings correspond to negative eigenvalues
of T . They can be set to zero. In consequence, δλ can
always be expressed as a linear combination of γ and δu.
As an example, we take the flat scaling solution for which
m˜20,∗ = 0, and therefore also λ0,∗ = 0, as well as u
(3)
0,∗ = 0
and similar for higher order couplings.
From
∂tδλ = A0δλ (233)
we conclude that δλ is an irrelevant coupling. This coin-
cides with the findings of some of the early investigations
[22, 27, 28, 32, 89, 90]. Setting δλ = 0 in the flow equation
for γ and δu results in
∂tγ = (A0 − 2) γ , ∂tδu0 = (A0 − 4) δu0− 1
32pi2
γ . (234)
The eigenvectors of T are γ and δu0+γ/(64pi
2), with eigen-
values 2−A0 and 4−A0.
B.4. Asymptotic behavior for large scalar fields
For large values ρ˜→∞ the ρ˜-dependence of the scaling
effective potential is given by eqs (41) – (43). With A∞ > 4
both m˜2(ρ˜) and λ(ρ˜) vanish for ρ˜ → ∞. We conclude
that the contribution (198) becomes negligible for large ρ˜
for the scaling solution and the vicinity of it. The scalar
field is free and massless in the range of very large ρ˜. For
deviations from the scaling solution the stability matrix
has vanishing off-diagonal elements in the lower left corner.
The eigenvalues are the diagonal elements, with A∞ − 4,
A∞ − 2, A∞, . . . all positive for A∞ > 4. There are
no relevant couplings in the scalar sector. As long as the
dimensionless Planck mass w can be approximated by a
constant, the scalar potential for large ρ˜ is predicted to be
given precisely by the scaling solution.
The family of possible scaling solutions can be parame-
terized by the coefficient c∞ in eqs. (41) – (43). It specifies
at which ρ˜t the crossover from the vicinity of the constant
fixed point potential for ρ˜→∞ to the fixed point potential
for ρ˜ → 0 takes place, cf. Figs 2, 3. In the large ρ˜-region
where m˜2 and λ can be neglected the differential equation
(25) for the scaling solution for u does not involve x = ln(ρ˜)
explicitly
∂u
∂x
= 2 (u− cU(u)) . (235)
In this range the family of scaling solutions can be ob-
tained by constant shifts in x or multiplicative rescalings
of ρ˜. The family of possible scaling solutions is character-
ized by a single parameter c∞. This extends to the full
characterization of scaling solutions in the whole range of
ρ˜, provided that for each c∞ the solution can be continued
to ρ˜ → 0. If a certain range of c∞ cannot be continued,
the allowed family of scaling solutions will be restricted to
a range in c∞.
B.5. Transition region
So far we have found a family of local scaling solutions in
the region ρ˜→ 0, parametrized by m˜20, as well as a family
of local scaling solutions in the range ρ˜→∞, parametrized
by c∞. The question arises which ones of this solutions can
be combined into a global solution for the whole range of
ρ˜. This will decide if the differential equation (200) has a
whole family of global crossover solutions, only a discrete
number of crossover solutions, or no crossover solution. In
the last case only the constant solutions remain as global
scaling solutions. The matching between the two limiting
regions occurs in a transition region near ρ˜s = 1/(64pi
2).
One could attempt a numerical solution of the second
order differential equation (200). This is intricate due to
the appearance of the highest derivative in the denominator
of a rather small correction term. The situation becomes
numerically rather unstable, as can be understood from the
analytical approaches that we follow here.
The approximations employed for the derivation of the
scaling solution near ρ˜ = 0 break down if ρ˜ comes close
to the value ρ˜s = 1/(64pi
2). The region of ρ˜ around ρ˜s
describes the transition from the UV-region near ρ˜ = 0,
where the details of the scalar fluctuations may matter, to
the region of larger ρ˜ where m˜2 and λ can be neglected.
For small ∆u, m˜2 = ∂(∆u)/∂ρ˜ and λ = ∂2(∆u)/∂ρ˜2, we
can use eq. (204) as a second order differential equation(
ρ˜− 1
64pi2
)
∂∆u
∂ρ˜
=
4−A
2
∆u+
ρ˜
32pi2
∂2∆u
∂ρ˜2
. (236)
In terms of the variable
s = 64pi2ρ˜ (237)
this reads
(s− 1)∂∆u
∂s
+
A− 4
2
∆u− 2s∂
2∆u
∂s2
= 0 . (238)
Except for the constant scaling solution ∆u = 0 the func-
tion ∆u grows outside the range of this linear approxima-
tion as s increases. We also have investigated numerically
the nonlinear second order differential equation
ρ˜
∂u
∂ρ˜
= 2 (u− cU − cU,s) , (239)
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with m˜2 = ∂u/∂ρ˜, λ = ∂2u/∂ρ˜2 in eq. (198) which yields
eq. (200). The only scaling solutions extending for the
whole range 0 ≤ ρ˜ < ∞ that we have found so far are
the constant scaling solutions. The failure to find other
solutions may, however, be due to numerical instabilities
which could prevent the detection of global crossover solu-
tions.
The issues of finding scaling solutions for scalars coupled
to gravity can be understood by neglecting the term 2λ ρ in
eqs (25), (198). In this approximation the scaling solution
has to obey the differential equation
2ρ˜
∂u
∂ρ˜
= 4 (u− cU) + NS
32pi2
(
1− 1
1 + ∂u∂ρ˜
)
. (240)
Here we consider NS scalars with mass term m
2 = ∂u/∂ρ˜,
while N −NS accounts for additional massless particles as
fermions, gauge bosons or further scalars. Eq. (240) can be
written as a quadratic equation in ρ˜ ∂u/∂ρ˜ and therefore
be transformed to
ρ˜
∂u
∂ρ˜
=
1
2
{
2u− 2cU + NS
64pi2
− ρ˜±
√
W
}
, (241)
with
W =
(
2u− 2cU + NS
64pi2
+ ρ˜
)2
− NSρ˜
16pi2
. (242)
Let us first consider the limit ρ˜→∞ where
√
W = ρ˜+ 2u− 2cU − NS
64pi2
+
NS (u− cU)
4pi2ρ˜
+ . . . (243)
Employing the solution with the plus sign in eq. (241) one
finds
ρ˜
∂u
∂ρ˜
= (2u− 2cU)
(
1 +
NS
64pi2ρ˜
)
. (244)
One sees again that the scaling solution approaches for
ρ˜→∞ the constant u = cU discussed in sect. 3.
For the opposite limit for ρ˜→ 0 one has
√
W = 2u− 2cU + NS
64pi2
+
u− cU − NS128pi2
u− cU + NS128pi2
ρ˜ . (245)
If ∂u/∂ρ˜ remains finite for ρ˜ → 0 the relative minus sign
in eq. (241) is appropriate, yielding
∂u
∂ρ˜
= − u− cU
u− cU + NS128pi2
. (246)
The particular asymptotic behavior u = cU for ρ˜ = 0 im-
plies a vanishing mass term m˜2 = ∂u/∂ρ˜ → 0. With
u0 given by the solution u0 = cU(u0) as in sect. 3, and
u = u0 + ∆u, the linear expansion of eq. (241) in ∆u be-
comes
∂∆u
∂ρ˜
= − (4−A)∆u
(4−A)∆u+ NS32pi2
≈ −32pi
2(4−A)
NS
∆u , (247)
in accordance with eq. (204) for ρ˜ → 0 for NS = 1. The
sign of the mass term at the origin is opposite to the sign
of ∆u.
For the differential equation (241) the relative plus sign
for the square root applies for ρ˜→∞, while for ρ˜→ 0 one
needs the relative minus sign. There has to be a matching,
which must occur for W = 0 for reasons of continuity. The
value of ρ˜t where W (ρ˜t) = 0 obeys
ρ˜t = 2
(
√
cU − u±
√
NS
128pi2
)2
. (248)
A switch of sign of the
√
W -term is only possible in a region
where u ≤ cU. Continuity of the quartic coupling λ at ρ˜t
requires further
∂W
∂ρ˜
(ρ˜t) = 0 . (249)
Combining eq. (249) with W (ρ˜t) = 0 yields the condition
ρ˜t =
NS
64pi2
. (250)
Comparing further eqs (250) and (248) requires at ρ˜t
cU − u =
{
0,
NS
32pi2
}
, (251)
corresponding to
m˜2 (ρ˜t) = {0,−2} . (252)
The second value violates the condition m˜2 > −1 needed
for a stable scalar propagator, and we conclude that scaling
solutions with a change of the sign of the term ±√W in
eq. (241) require
m˜2
(
ρ˜ =
NS
64pi2
)
= 0 . (253)
Generic local scaling solutions with arbitrary m˜20 do not
obey eq. (253), as we have checked by a numerical solution
of eq. (241).
The two flat scaling solutions discussed in sect. 3,
u(ρ˜) = cU (v±) , (254)
with v± given by eq. (28), obey eq. (253). For these partic-
ular solutions there is actually a change of sign in the term
±√W in eq. (241) at ρ˜t = NS/(64pi2), since
√
W = ρ˜− ρ˜t
for ρ˜ > ρ˜t and
√
W = ρ˜t − ρ˜ for ρ˜ < ρ˜t. It is not obvious
if there exist other scaling solutions obeying the condition
(253). If not, and if the inclusion of nonzero λ does not
change in an important way the possible scaling solutions,
the inclusion of the scalar mass term reduces the family of
scaling solution for matter freedom discussed in sect. 3 to
only two scaling solutions, both with a flat potential.
If we do not impose the condition (249), the matching of
solutions with different signs ±√W at ρ˜t typically induces
a discontinuity of ∂m˜2/∂ρ˜ at ρ˜t. Higher order couplings
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will then diverge and the approximation of neglecting them
remains no longer valid. So far, it is not known if the inclu-
sion of λ (and higher order couplings as u(3)) can smoothen
the discontinuity or not. At the present stage it is there-
fore not known if a continuous family of scaling solutions
exists, or if this is reduced to a discrete subset.
As a general lesson, we conclude that the issue of the
existence of a whole family of scaling solutions, or only a
discrete subset, is typically decided in the transition region.
Both limiting cases ρ˜ → 0 and ρ˜ → ∞ admit families of
scaling solutions characterized by a continuous parameter.
The question is if the families of scaling solutions in the two
limiting cases can be matched to each other continuously
in the transition region. For pure scalar models coupled
to gravity with constant w it seems most likely that only
a discrete subset of overall scaling solutions remains. We
will see that non-vanishing gauge or Yukawa couplings, as
well as non-trivial couplings to gravity encoded in the ρ˜-
dependence of w(ρ˜), modify the properties of the transition
region considerably.
C. Yukawa couplings
In this appendix we discuss the influence of a non-zero
Yukawa coupling of the scalar to fermions. In this case the
fermion fluctuations stabilize a minimum of the potential
at ρ = 0, preventing spontaneous symmetry breaking in
the scaling solution.
C.1. Flow equations with Yukawa coupling
A fermion with a Yukawa coupling y to a scalar field φ
acquires a mass m = y φ. Similar to massive gauge bosons,
the mass suppresses its contribution to the flow of u. This
induces a modification of the flow generator
∆p˜if
k4
= − 1
16pi2
NF∑
j=1
(
1
1 + wj
− 1
)
. (255)
Here j labels the mass eigenstates with mass mj , and
wj =
m2j
k2
= y2a
(F )
j (φa) /k
2 (256)
is the dimensionless squared mass of the fermion j. The
sum is over Majorana fermions, with Dirac fermions count-
ing as two Majorana fermions with equal m2j . The minus
sign reflects Fermi statistics and is the main difference as
compared to the gauge boson contribution. In case of sev-
eral independent Yukawa couplings the mass eigenvalues
mj depend on a linear combination of Yukawa couplings
and fields.
We may again investigate a simple scenario where N¯F
fermions have an equal mass,
m2j = cf y
2ρ . (257)
Similar to eq. (55) this results in
∆p˜if
k4
=
cf N¯F y
2ρ˜
16pi2 (1 + cf y2ρ˜)
. (258)
We can therefore take over the computations for gauge cou-
plings with the replacements
cg g
2 → cf y2 , N¯V → −2
3
N¯F . (259)
C.2. Flow away from the scaling solution
The essential new feature is the overall change of sign
of the fermion contribution as compared to the gauge bo-
son contribution. Combining with the gravitational con-
tribution and contributions from other massless fields one
obtains
∂tu = −4u+ 2ρ˜ ∂u
∂ρ˜
+ 4cU + 4cU,f , (260)
with
cU,f =
∆p˜if
4k4
= − N¯F
64pi2
(
1
1 + y2ρ˜
− 1
)
=
N¯F y
2ρ˜
64pi2 (1 + y2ρ˜)
.
(261)
Here we take cf = 1. We observe that cU,f adds a positive
contribution to cU.
The flow of the mass term m˜2 = ∂u/∂ρ˜ is found by
taking a ρ˜-derivative of eq. (260),
∂tm˜
2 = −2m˜2 + 2ρ˜ ∂m˜
2
∂ρ˜
+Am˜2 +
N¯F y
2
16pi2 (1 + y2ρ˜)
2 , (262)
where we have omitted contributions from ∆p˜is and possi-
ble contributions from ∆p˜igauge. If λ(ρ˜) = ∂m˜
2/∂ρ˜ remains
finite for ρ˜ → 0 the flow of the scalar mass term at the
origin reads
∂tm˜
2
0 = (A0 − 2) m˜20 +
N¯F y
2
16pi2
. (263)
For A0 < 2 the fixed point occurs for positive m˜
2
0,∗, such
that the origin is a local minimum for the scaling solution
m˜20,∗ =
N¯F y
2
16pi2 (2−A0) . (264)
In contrast, for A0 > 2 one has m˜
2
0,∗ < 0 and a local
maximum at the origin for the scaling solution. (This holds
provided the term ∼ λ0 from ∆p˜is is small.)
The flow of the quartic coupling λ(ρ˜) is obtained by tak-
ing a further ρ˜-derivative of eq. (262)
∂tλ = Aλ+ 2ρ˜
∂λ
∂ρ˜
− N¯F y
4
8pi2 (1 + y2ρ˜)
3 +Bm˜
4 . (265)
For ρ˜ → 0 one recognizes the well known negative contri-
bution from the Yukawa coupling ∼ y4. The fixed point
for λ0 = λ(ρ˜ = 0) occurs for
λ0,∗ =
N¯F y
4
8pi2A0
− B0
A0
m˜40,∗
=
N¯F y
4
8pi2A0
(
1− N¯FB0
32pi2 (2−A0)2
)
. (266)
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The relative size of the second contribution ∼ B0 is typi-
cally small, such that λ0,∗ > 0.
For the flow away from the fixed point we can keep λ
close to the fixed point value
λ0,∗ ≈ N¯F y
4
8pi2A0
, (267)
since it is an irrelevant parameter. For A0 < 2 the mass
term is relevant, however, and the deviation from the criti-
cal surface γ = m˜20− m˜20,∗ increases according to eq. (221).
Indeed, the last term in eq. (263) shifts the value of m˜20,∗,
but does not contribute to the flow of γ. The same holds
for the flow of δu. The only difference to the discussion in
appendix B.3 are the different fixed point values for m˜20,∗
and λ0,∗. Omitting the irrelevant coupling δλ the stability
matrix for αi = (δu, γ) reads, cf. eq. (231),
− T =
(
A− 4 −d
Bm˜20,∗ A− 2 + 3dλ0,∗
)
. (268)
Neglecting the small off-diagonal elements we can follow
the discussion of eqs (223) – (225), resulting in
m˜2(k) =
N¯F y
2k2
16pi2 (2−A0) + γΛΛ
θγk2−θγ , (269)
with
θγ = 2−A0 − 3N¯F y
4
(16pi2)
2
A0
(
1 + m˜20,∗
)2 . (270)
The last term in eq. (270) is small and may be neglected,
such that
m2(k) =
N¯F y
2k2
16pi2 (2−A0) + γΛΛ
2−A0kA0 . (271)
The scaling solution with constant A0 holds only as long
as the gravitational fluctuations are effective. The running
coupling w0(k) corresponds to a relevant parameter, with
qualitative behavior
w0(k) = w0,∗ +
M2
2k2
, (272)
where M is the observed reduced Planck mass. Once k2
drops below k2c = M
2/(2w0,∗), the function w0(k) starts to
increase rapidly. As a consequence, A0(k) decreases rapidly
to zero for k  kc. For k2  k2c one has approximately
m20(k) = m
2
0 (kc)−
N¯F y
2
(
k2c − k2
)
32pi2
. (273)
For a suitable value of γΛ one can obtain m0(kc) =
N¯F y
2 k2c/(32pi
2), such that m20(k = 0) = 0. More gen-
erally, by suitable initial conditions for the relevant pa-
rameter γ one can achieve arbitrary values of m20(k = 0).
In turn, one can realize an arbitrary value of spontaneous
symmetry breaking, e.g. an arbitrary location of the min-
imum of U at k = 0,
ρ0(k) = −m
2
0(k)
λ0(k)
. (274)
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FIG. 24. Effective potential u(x) as function of x = ln(ρ˜) in
presence of a Yukawa coupling, y2/4pi = 1/40. The curves (from
bottom to top on the right part) for w0 = 0.042, 0.046, 0.052,
0.06. Other parameters are N = 10, N¯f = 1, and initial values
are set as u(x = 0) = 0.02.
If ρ0(0) 6= 0 is associated with a spontaneous breaking of
a symmetry, the scale of this symmetry breaking is a free
parameter. What is predicted, however, is the value of
the quartic coupling, since it is associated to an irrelevant
parameter. With “initial values”
λ0 (kc) = λ0,∗ , y (kc) = y , (275)
one can follow for k < kc the “low energy flow” of λ and
y to k = 0. The gravitational degrees of freedom do not
contribute to the low energy flow.
C.3. Global scaling solution
So far we only have discussed the vicinity of ρ˜ = 0. As
long as the minimum ρ0(k)/k
2 stays small, this is a rea-
sonable local approximation. In order to be sure that no
other minimum of u occurs for large ρ˜ one needs the global
solution for the whole range of ρ˜. We have numerically
solved the differential equation for the scaling solution
2ρ˜
∂u
∂ρ˜
= 4 (u− cU − cU,f ) . (276)
The result is shown in Fig. 24 for different values of w0.
The only minimum occurs for ρ˜ = 0. The mass term
m˜2(ρ˜) is positive and small for the whole range of ρ˜, as
can be seen from Fig. 25. This justifies the omission of
cU,s for the whole range of ρ˜, in contrast to the situation
with vanishing Yukawa coupling. The qualitative situa-
tion does not depend sensitively on the initial conditions,
as demonstrated in Fig. 26. It seems that the differential
equation (276) admits a whole family of scaling solutions
extended over the whole range of ρ˜. In view of the small
value of m˜2 we do not expect that this changes if cU,s is
included.
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FIG. 25. Mass term m˜2 as function of x = ln(ρ˜) for nonvanish-
ing Yukawa couplings. Parameters are as for Fig. 9, with largest
value at x = 0 for w0 = 0.06 and smallest for w0 = 0.042.
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FIG. 26. Effective potential u(x) as function of x = ln(ρ˜) for
a Yukawa coupling y2/4pi = 1/40. Parameters are N = 10,
N¯f = 1, w0 = 0.05 and we show different initial conditions at
x = 0, namely u(x = 0) = 0.018, 0.02, 0.03, 0.0415 from right
to left.
D. Vicinity of the constant scaling solu-
tion
In this appendix we investigate possible scaling solutions
that remain in the vicinity of the constant scaling for a
certain range in ρ˜. We work in the truncation of two free
functions u(ρ˜) and w(ρ˜).
In the vicinity of the constant scaling solution we may
linearize the differential equations (95) for small
∆u(ρ˜) = u(ρ˜)− u∗ , ∆w(ρ˜) = w(ρ˜)− w∗ , (277)
with u∗, w∗ the constant scaling solutions according to
eq. (103). The linearized equations read
2ρ˜ ∂ρ˜∆u = 4∆u− 4∆cU , 2ρ˜ ∂ρ˜∆w = 2∆w − 2∆cM ,
(278)
with
∆cU = cU(u∗ + ∆u, w∗ + ∆w)− cU(u∗, w∗) ,
∆cM = cM (u+ ∆u, w∗ + ∆w)− cM (u∗, w∗) . (279)
For g2 = y2 = 0 one finds
∆cU =
5
96pi2
∆˜− NS
128pi2
∆u′ ,
∆cM =
25
128pi2
∆˜ +
NS
192pi2
∆u′ − NS
64pi2
∆w′ , (280)
where
∆˜ =
1
1− v −
1
1− v∗ =
1
(1− v∗)2
w∗∆u− u∗∆w
w2∗
. (281)
Eq. (280) is a coupled system of two linear differential
equations,(
2ρ˜− NS
32pi2
)
∆u′ = 4∆u− 5
24pi2
∆˜ ,(
2ρ˜− NS
32pi2
)
∆w′ +
NS
96pi2
∆u′ = 2∆w − 25
64pi2
∆˜ . (282)
We can write ∆˜ in terms of the graviton-induced anoma-
lous dimension A for which the second term in eq. (35) is
neglected and v, w taken as v∗, w∗,
A =
5
24pi2w∗ (1− v∗)2 , (283)
namely
5
24pi2
∆˜ = A (∆u− v∗∆w) . (284)
This yields(
2ρ˜− NS
32pi2
)
∆u′ = (4−A) ∆u+Av∗∆w ,(
2ρ˜− NS
32pi2
)
∆w′ +
NS
96pi2
∆u′ = 2∆w +
15A
8
(∆u− v∗∆w) ,
(285)
to be compared with eq. (204) for λ = 0.
We may discuss separately three characteristic regions in
ρ˜. For ρ˜ NS/(64pi2) one has the approximate equations
∆y′ = −M0∆y , ∆y =
(
∆u
∆w
)
, (286)
with
M0 =
32pi2
NS
(
4−A Av∗
4
3 +
37
24A 2− 3724Av∗
)
. (287)
The two eigenvalues λ± of M0 are the solutions of the
quadratic equation
λ2−λ
(
6−A
(
1+
37
24
v∗
))
+8−A
(
2+
15
2
v∗
)
= 0 . (288)
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For A = 0 one finds two possible eigenvalues λ+ = 4, λ− =
2. With respect to the flow with increasing ρ˜ both ∆u
and ∆w are relevant parameters. This extends to a range
A > 0 with eigenvalues depending continuously on A. The
solution approaches for ρ˜ → 0 constant values, ∆u(ρ˜ =
0) = ∆u0, ∆w(ρ˜ = 0) = ∆w0. They are related to the
derivatives by eqs. (98), (99). This behavior is similar to
the discussion in appendix B.2.
A second region for ρ˜  NS/(64pi2) obeys the approxi-
mate equations
ρ˜ ∂ρ˜ ∆y = M∞∆y (289)
with
M∞ =
1
2
(
4−A Av∗
15A/8 2− 15Av∗8
)
. (290)
If the largest eigenvalue λ+ of M∞ is positive, the solution
diverges for ρ˜→∞ as
∆y∗ = c+ ρ˜λ+ + c−ρ˜λ− (291)
with c± eigenvectors of λ± specifying the particular solu-
tions. We conclude that the constant scaling solution is
“unstable” in the sense that generic local solutions do not
approach the scaling solutions for ρ˜→∞. If a whole fam-
ily of scaling solutions exists, the constant scaling solution
does not correspond to the generic solution of this family.
In the other direction, many possible scaling solutions may
be attracted towards the vicinity of the constant scaling
solution for ρ˜ → 0. This holds, in particular, if both λ+
and λ− are positive.
The third region is the “transition region” for ρ˜ ≈
NS/(64pi
2). One expects that the neglection of second
derivatives u′′ and w′′ may be no longer justified. The
situation is similar to the discussion in appendix B.5. If
we continue to neglect u′′ and w′′ the scaling solution can
cross the transition region only at the price of strong vari-
ations of u′ and w′. In the close vicinity of ρ˜ = NS/(64pi2)
eq. (285) is approximated by
∆w = −4−A
Av∗
∆u , (292)
and
∆u′ =
48pi2
NS
(
15− 4 (4−A)
Av∗
)
∆u . (293)
We could specify the initial conditions for the solution of
the linear differential equations by specifying ∆u and ∆w
at ρ˜ = NS/(64pi
2). The condition (292) implies that only a
one-parameter family of scaling solutions in the close vicin-
ity of the constant scaling solutions is possible.
For any smooth scaling solution we can write
∆u = a∆w , ∆u′ = a∆w′ + a′∆w , (294)
with a(ρ) a function without very rapid variation with ρ˜.
The second equation (285) becomes[
2ρ˜− NS
32pi2
(
1− a
3
)]
∆w′ = B∆w , (295)
with
B = 2 +
15A
8
(a− v∗)− NS
96pi2
f a , f =
a′
a
. (296)
The coefficient of ∆w′ vanishes for
ρ˜w =
NS
64pi2
(
1− a
3
)
, (297)
which is for a < 0 somewhat smaller than the location of
the vanishing coefficient of ∆u′ in the first equation (285)
at ρ˜u = NS/(64pi
2). This is compatible with a smooth
behavior only if B(ρ˜w) = 0. For a smooth solution the
term ∼ f is typically small as compared to other terms in
B. One infers different values of a at ρ˜w and ρ˜u,
a(ρ˜w) = v∗ − 16
15A
, a(ρ˜u) = − Av∗
4−A . (298)
In turn, the first equation (285) yields at ρ˜w
∆u′(ρ˜w) = −96pi
2
NS
(
4−A+ Av∗
a(ρ˜w)
)
∆w
≈ −384pi
2
NS
(
1 +
4A
15Av∗ − 16
)
∆w . (299)
The value ∆u′/∆w becomes typically very large at ρ˜w, con-
tradicting the assumption of slow variation of the scaling
solution.
Numerical solutions in the transition region are indeed
characterized by strong variations of ∆u′ and ∆w′ in the
transition region. Those solutions typically diverge outside
the transition region before ρ˜ = 0 and ρ˜→∞ are reached,
such that the linear approximation does not remain valid.
Similarly to appendix B.5 we remain with two possibili-
ties. Either the inclusion of ∆u′′ and ∆w′′ changes the
strong variations such that a family of slowly varying scal-
ing solutions exists in the vicinity of the constant scaling
solution. Or only a discrete number of scaling solutions
remains close to the scaling solution over the whole range
of ρ˜. It could turn out that the constant scaling solution is
the only possible scaling solution for g2 = y2 = 0.
A possible scenario for a continuous family of solutions
could be that all solutions that are close to the constant
scaling solution for ρ˜→ 0 always deviate substantially from
the scaling solution for large enough ρ˜, such that the linear
approximation no longer holds. This happens, in partic-
ular, if the asymptotic behavior of w(ρ˜ → ∞) is not a
constant, but rather involves the non-minimal coupling ξ.
This type of scaling solution is discussed in sect. 7.5.
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